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Ex. 1. 

1. 6+10+12+12+6+2+0=48. 

2. 12 + 6-12+12-5+0=12. 

3. i5_24-24+21+4-0=-8. 

4. -18+10+12-4+1=1, 5. 80+100-24+0=106. 

6. 0-15+32-18=-l. 7. -90-48+80-120=-178. 
8. 150-192+860-168=150. 9. 990-228+0-812=450. 
10. 360-240+72-0=192. 



1. 6+5+1-1=11. 
3. 8-5 + 2i=0. 
5. 9+00-10+0=89. 
7. 1-12+54-108+81: 
9. 1 + 5-1=5. 



Ex. 2. 

2- 3-3+1=1. 
4. 1 + 18+75+0=94. 
6. l-15+75-125=-64. 
\^, 8. 300-45+9=264. 
10. 1-1 + 7-4=3. 



1. 2 + 10+21-8=25. 
3. 2 + 10-4+4=12. 
5. 5 + 6 + 6+4=21. 
7. 15 + 12-24+4=7. 
9. 25-18+12-4=15. 



Ex. a 

2. 12-24+6-9=-15. 
4. 1+6-4+3=6. 
6. 10+9 + 8-5=22. 
8. 5+6-2+4=13. 
10. 6+30-36+4=4. 



1. 0+0+10+86=46. 
3. 4+15 + 16=35. 



Ex. 4. 

2. 6+4+16-2=2|r 
4. 6+6-2=10. 

B 



2 Key, — •■ Use of Brackets. 

5. 30x8x30=7200. 6. 9x1x3x5=135=144-9. 

7. 2x4=8=16-13+1+2x2. 

8. 4+36+16+64=120=4x30. 

, Ex. 7. 

1. a— a?— 2aj+a— 2 + 2a + 3— 2aj— l+aj=4a— 4a?. 

2 . a3 - 2a*c + 3ac« - a«c + 1a^ - 2ac2 + a^ - ac^ - a^c 

=4a^— 4a'c. 

3. 2aj2-2i/2-2!>-32/«-2aj»+2«-3a«+2y«+aj2=a;2-32/«-3«2, 

4. a;* + aa;^ + €?X'-y^ + 5y^ — h^y + «' + C2^ + c^2 — aj' + y' — a* 

+ aa;* + 6y* + c»* — a*aj + ft't/ — c*2=2aa}* + 261/^ + 2c2*. 

6. a«-6Hc«-fe« + c«-a« + c«-5«+a«=a«-3fe«+3A 

6. 2a«-3a5 + 62-a8+4a&+&«+25«-a2+a&=2a6 + 46«. 

7. a;3+2/^— 3a;22/-3a;i/«-aj3 + 3aj«2/ + 3ajy«-y*=0. 

8. 2aj— 3^ + 2— y— 2aj+» + 3«— aj+2y— 2aj+y— « 

= — 3aj — i/+4a. 

9. l-l + l-4aj+2aj— 3+5aj-2 + 5aj-4=8aj-8. 

10. 2a-3&-c+2(i-2a+36— c+2(2+2a-36-c-2(2-2a 
+ 36-c+2(i=-4c+4d. 

Ex. 9. 

2. aaj+aj+oaj— aj— 6y+y— &y— y=2(aaj— 6y). 

3. (a+c + 6-c)a;2 + (36— 3a + 2a+26)aJ2/ + (6-c+a-6V 

= (a + &)a;^ — (a— 5&)ajy + (a— c)y*. 

4. (i) (a+& + a— 6)a5+(6 + c— &+c)y=2(aaj+C2/^). 
(ii) (a + 6— a+6)aj+(6 + c+6— c)2/=26(aj+2/). 

5. (i) (2a+2&-3a+3&)aj+(3fe+3c+2a-2c)i/ 

= -(a-5&)a5 + (2a+3& + c)y. 
(ii) (-2fe-c+a-26)aj+(a-26-fe-2c)y 

= (a — 4& — c)a; + (a — 3 ft — 2c)y . 
(iii) ( — a+5fe + a-4fe— c)aj + (2a+36 + c+a-36-2c)^ 

= (6 — c)aj + (3a — c)y . 



Key. — Multiplication. 

6. (i) (2a+25+3a-36)aj+(3fe+3c-2a+2c)y 

=(5a-fe)aj--(2a-36-5c)y. 
(ii) (-26-c-a+26)aj+(a-2fe+6-h2c)y 

s= — (a+c)aj+(a— & + 2c)y. 
(iii) (5a— 6— a— c)aj— (2a— 36— 5c— a+6— 2c)y 

s= (4a — fe — c)aj — (a — 26 — 7c)y. 

7. (i) (2a+26+26+6)aj+(36+3c-a+26)y 

= (2a + 46 + c)aj — (a — 56 — 3c)y. 
(ii) (-3a+36-a+26)aj+(2a-2c+6+2c)y 

=s - (4a - 56)aj + (2a + 6)y . 
(iii) (2a+46 + c-4a+56)aj-(a-56-3c-2a-6)y 

= -(2a-96-c)aj+(a+66+3c)y. 

8. (i) (2a+26-a+26)aj+(36+3c+6+2c)y 

= (a + 46)aj + (46 + 5c)y . 
(ii) (-3a+36 + 26+c)aj+(2a-26-a+26)y 

= -(3a-56-6>+(a+26-2c)y. 
(iii) (a+46-3a + 56+c)aj+(46 + 5c+a+26— 2c)y 

= - (2a-96-c)aj+(a+66+3c)y. 

Ex. 10. 

15. 

aj*— aaj+6 a*— aaj+6 

aj— c aj^+aaj — c 



aj^— aaj*+6aj »* — aa?^ + 6aj^ 

— caj^+aca;— 6c +aa5^— a^aj^+a6a5 

aj3.(a+c)ajH(ac+6)aj-6c -6a?Haca;-6c 

a;* — (a^— 6 + c)a;^ + a(64-c)aj— 6 
16. 1— aaj+6aj*— caj* 
1+ aJ-aJ^ 

1— aaj+6aj*— c»' 
+ X — aaj*+6jB'— caj* 

— Q^ +aaj^— 6aj* + caj* 

l-(a-l)aj-(a-6+l)aj«+(a+6-c)a5»-(6 + c)a}* + caj». 

B 2 



4 Key, — Multiplication. 

18. ttx—hy 
ax + cy 

ahi^ — dbxy 

+ acxy—hcy^ 

a^x^—a(h—c)xy—'hcy^ 
ax'-dy 

a^x^—a^(b—c)x^y - ahcxy^ 

— a^dx^y + a(6d — cd)xy^ + hcdy^ 

a^x^—a%h~^c+d)x^y^a(hc—hd-{-cd)xy^+bcdy^ 

19. 2.1; — m 2x + n 

X +2m a; — 2ri 



2x^— mx 2x^+ nx 

■\-4imx — 2m^ —^ux—2n^ 



2aj2+3maj --2m2 2a;2-.3iiaj-2n^ 

2a;^— 3naj — 2n^ 

— 6waj* — 9?nna;* + 6m*tw; 



4a;* 4- 6(m— n)a;3 — (4m^ + 9wn+4!»^)a52+ 6/)in(w*— w)a; 

+ 4m2n* 
20. a;2+aaj-&2 

x'^ + hx—a^ 

x^ + aa;^ — h^x*^ 
'\''bx^-\-ahx^-''b^x 

— a^aj^ — a^x + a^ft^ 

aj* + (a + 6)a;3 - (a^ - a6 + l^)x^ - (a^ 4- 63)^^ ^ ^2^2 
a; — (a+&) 

»* + (a+&)a;*-(a2- ah ^-l^)^ - {a^ +h^)x^ + a%^x 
- (a + 5)a;4 - (a2 + 2a5 + 6^)a3 + (a^ + 58)aj2 

a?» -{2a2+2&»+a&}a;3 



Key. — Division, 5 

Ex. 11. 

5. (a;2-a«)x(aj2-4a2)=&c. 

6. (mV-4n2^2) ^ (wiV-9n«^«)=s&c. 

7. 3(a2-4aaj +4aj«) +2(a2-4a;«) + (Oaj^ - a«) 

- (4a« - Vlaan + 9««) = &c. 

8. See (24): (C»H22/«) + 2aj?^} X {(a;2+2y2)-2.u^} 

= (aj2+2i/«)«-4a;V=aj4+4a;y+V-4ajV=&c, 
{(2a2+&2)-3a6} x {(2a«+fe') + 3a&}=C2a2 + 6T- 9^^2)2 

x'{a-(5 + c)}=a'»-(& + c)*=&c. 

10. (a-5)2-.c«=:&c, {c+(a-6)}x{6-(a-&)} 

11. 4a2~(6-3c)2=:&c, &«-(2a-^3c)2=ic. 

12. 4a2-(6+3c)2=&c, {-3c+(2a-fe)} x {-3c-(2a-fe)} 

=9c2-(2a-fe)2=&c. 

13. (a+6)2-(Z; + d)2=&c, (a+c«)2-(& + c)2=&c, 

(& + c)2-(a+d)'=&c. 

14. (a+c?)2-(2&-3c)2=&c, (3c+d)^-(a-26)2=&c, 

(a+3c)2-(26-(i)2=:&c. 

Ex. 13. 



a;3- 


oaj^ 


— 


p»H (2 + 023)3? 
j9aj2+ opaj 




+ qx'—aq 
+ ga;— agr 



) Key, — Division, 

2. mz—n] 

maz* + (m&— wa) 2^— (mc +%&)»+ nc [ az^-thz^c 
ma;^— na z^ 

+mhz^—(mc+nb)z 
•\-mbz^— nb z 

— mc z+nc 

— mc z-hnc 



3. y -1] 

2/*- 3/* +(l-m+7i)y* + (l-m)2/ + l 

+ (1— m)2/^+wy* 

+ (l-m)y*— (1— m)y3 

+ (1— m+w)y^— wy? 

+ (1— m+w)y^ — (1— m + w)2/^ 

+ (1— w)2/2+my 

+ (l-m)^2-(l-m)i/ 



+2^-1 



4. a — (6— c + d] 
a^— a(6— c+d) 

+ a.(& - c- («)-(&»- 26c + c2-(i«) 

II- ^- - - ..-■-. — 

5. a -(6-3c)] 

a2 + a(6 + 2c)-(26*-76c+3c2) [ a+(2&-c) 
aa-.a(6-3c) 

+ a(2& - c) - (262 - 76c + 3c«) 
+a(26-c)-(262-76c+3c«) 



Key. — Division, 7 

6. a — (5— c)] 

+a2(&-c) + 3a&c 

a -(5+c)] 

+a^(&+tf) — 3a6c 

+a(&«- &c + c«)-(&»+c') 

7. Arranging in deicending powers of a?, we liave 

X -(2j,-l)] 

a»+6iey-(8y»-l) [ iB«+«(2y-l) + (V+2y+l) 
ig*-a!»(2y-l) 
+iB»(^-l)+6a!y 
+a;»(ay-l)-ai(V-%+l) 

+a!(V+22/+l)-(V-l) 
+g(4y«+2y+l)-(8y»-l) 

-as +(2y+l)] 

-»»+ easy +(%»+!) [ a!»+a!(2y+l) + (V-2y+l) 

-a!»+a>»(2y+l) 

-a>»(2y+l)+6a)y 
-xH2y+l)+x{4!y*+4y+l) 

-xi4fy*-2y+l) + (&y*+l) 
-a!(4y«-2y+l) + (%»+!) 

Arranging in descending powers of y, we shonld have had 

-2y +(a!+l)] 

-8y»+6a!y+(a!»+l) [ 4y»+2y(«+l)+(«*-a'+l) 

2y -(«-!)] 

8y» 4 6aiy- («!»-!) [ 4y*+2y(x-l) + (x^+x+l). 



8 Key. — Division. 

8. X ^(2y+32;)] 

aj» - \^xyz - (8y« + 27«») [ aj« + aj(2y + 82) + (V - 6y« + 92*) 

+aj2(2y+3«)-18ajy2 
+a;2(2i/+32)- aj(V+12y« + 92») 

+ aj(V-%2+922)-(82/»+2723) 



9. aj2 + (y«-2;2_l)] 

+a?*(y«+2Hl) + (y*-2*-22»— 1) 



10. l+aj)a(a-a«B+aaJ*+Ac. l-3aj)l+2aj(l+5aj+15«« + &c 
a+ax 1 — 3a? 

— aaj — ooj* +6aj— 15aj* 



11. l-2aj+aj«) 1 (l+2jj+3a;« + &c. 

l-2aj+aj« 

2aj-aj« 
2a;-4fl;^+2a^ 

3aj»-2«» 

l + 6a?] 1-aa? [l-(a+6)aj+(a+5)6aj«-&c. 
l + 6a 

^(a+h)x 
-((i+&)aj-(a+6)6aj* 



Key, — Simple Equations. 
12. aj— a] ar'-'-paj^+gaj— r [ aj^ + (a— j))aj+(a*— pa+g) 



(a— j9)aj^ — (a^ —pa)x 






Ex. 17. 

1. 4a5-3aj=3+2, &c. 2. 9.B-3a?=7+5, &c. 

3. 8aj-4aj=9 + 3, &c. 4. 2a;+5aj=7-3, &c. 

5. 15aj— aj= — 7, &c. 6. (m— w)aj=c?— a, &c. 

7. 3aj-.6+4=r2-4B; /. 3jJ+4aj=12 + 2, &c. 

8. 5-.12+3»+12-8aj=0; /• 5=0+5aj, &c. 

9. 13aj-21aj4-63=10-63+21aj, 

.% 21aj-13a;+21aj=:63-10 + 63, &c. 

10. 5a+5aj— 2aj=3a— 16aj, 

/. 16aj+6aj— 2aj=3a — 5a, Ac. 

11. 3aj-9-2aj+4+aj-l=aj + 3 + 2a5+4+3aj + 3; 
.-. -2aj-2aj=3 + 3 + 9 + l, or4aj=-16, &c. 

12. 2aj-l-6aj+4+12aj-.9-.20aj+16=0; 

A 2aj-6a? + 12aj-.20aj=l-.4+9-16, or -12a;=-10, or 
6ie=:5, &c« 

13. 2a+aaj— 6— 3aj=— 4— 2aaj; 

/. (a-3+2a)aj=:-4-2a+6, or (3a-3)a;=-(2a-2), 
or 3aj=— 2, &o. 

14 m*— waj+mro— rwj^wn— ma; ; 

Ex. 18. 

1. Mult, by 6 : 3aj+2aj=6aj-42, Ac. 

2. Miilt. by 12; 6aj-4aj=:3aj-12, <fcc. 



lo Key, — Simple Equations. 

3. Mult, by 12: 6aj-4aj+3aj=24-2aj+5a', &c. 

4. Mult, by 15 : 6aj+6aj-10=30aj--105, &c. 

5. Mult, by 42: 12aj+7aJ-7=42aj--168, Ac. 

6. Mult, by 10 : 45-rl0aj=15-7aj+18, Ac. 

7. Mult, by 6 : 6aj+28-2aj=63-3a;, Ac. 

8. Mult, by 30: 60aj- 10=36- 24* +15aj, Ac. 

9. Mult, by 154: 44»+154-126a5 + 112=77aj-847, Ac. 

10. Mult, by 30: 10aj-10a-12aj+18&-15a+15aj=0, Ac. 

11. Mult, by 12: 18aj-6-8aj+8=3aj-9-2aj+10+64, Ac. 

12. Mult, by 30: 5aj-50=258+36aj-60-iaB-80, Ac. 

Ex. 19. 

1. Mult, by 24: 4aj-6-K72aJ-48)=12aj-9-77; 
.-. 4a5-.12aj-6+9+77=K72aj-48), 
or-8aj+80=K72aj-48), or K9aj-6) = -aj+10; 
mult, by 5 : 9aj— 6=— 5a;+50 ; Ac. 

2. Mult, by 45: f(45aj-405) + 35a;-175=81aj-567+75 ; 
.-. f(45aj-.405)=46a;-317; 

mult, by 7: 225aj-2025=322aj-2219; Ac. 

3. Mult, by 24: f(2aj-l)-|(3aj-2)=J(»-12)-»-i2; 
mult, by 6: i(96aj-48)-27aj+18=8aj-96-6aj-72; 

... i(96aj-48)=29aj-186; /. 96aj-48=145aj-930; Ac. 

4. Mult. by 80: 70«+200-45aj-60=24aj+8-116+32aj; Ac. 

5. Mult, by 96: 72a-144aj-128a+64aj+12aj-12a 

=45a+45aj ; Ac. 

6. Mult, by 33: 27aj - 30 -K22»- 77) =22aj- 5- »; 

or 6aj-25=J(22«- 77); .V 30aj-125=22a5- 77; Ac. 

7. Mult, by 60: 112aj-28-y(2aj+l)=315- V«; 
mult, by 8: 896aj -224 -2000?- 100=2520 -15aj; Ac. 

8. Mult, by 60: 40(a-6+aj)-45(aj-5+a)-48(ft-a-aj) 

= 50(aj+a-6); 
/. (40-45+48-50)aj=(50-40+45-48)a 

+ (40-45+48-50)5; 
or — 1x^=^*1 a—lh'y AiC, 



Key. — Simple Equations, 1 1 

9. Mult, by 24 : \(9Qx - 604) + 188 + 66aj - 224 
=24aj+90-27+21aj+2 ; 
or |(96aj-504)=-lla-+101 ; 
/. 96aj-504=-77aj+?07; &c. 

10. Mult, by 80: 16aj-16a-y>(m-a+a;) 

= 1 5w 4- 16aJ — 15a — 16m ; 
/. «— a+m=: *g®(aj— a +w*); /. 85— aH-tn=0; Ac. 

11. Mult, by 60: i(40aj+140)-8a;+28=110-9a;-12 ; 
.% 4(40aj+140) = 70-a;; or40aj+140=630-9iB; Ac. 

12. Mult, by 144: 48aj - 96a + 144c- 70a +60aj- 100c 

=24a+240c-6c+3aj; 
/. 95aj=190a+190c; 4c. 

Ex. 20. 

1. 8s=theno. ; aj+7=16; .% aj=16— 7; &c. 

2. 2;sssthe no. of shill. for eacb book ; hence 10a;=tlie no. of 

sliill. for 10 books, and 15a; = the no. for 15 ; 
/. 15aj-10aj=35; Ac. 

3. iEsthe no. ; «— ^=10; •*. 6aj— aj=60; Ac, 

4. a;=:theno.; aj+10=|aj; /. 3»+30=5aj; Ac. 

6. fl;=the greater no. ; .'. sb— 22=the less; then aj4-(« — 22) 
=48 ; Ac. 

6. sBssthe no. of years for the older, /. 49— a; for the younger; 

thenaj-(49-aj)=13, or 2aj=49+13; Ac. 

7. 9;=the no. of votes on the successful side; •*• a;— 47=the 

no. of other votes ; then a5+(aj— 47)=979 ; Ac. 

8. iBssthe no. ; then •^+^+i»— i»=106 ; 

mult, by 60: .(30+20+15-12)aj=106x60, or 53aj 
=106x60; Ac. 

9. aj=no. of shill. in total amounts ; aj — ^aj — J» — ■^^x^s21 x 15 ; 
mult, by 12 : (12-6-4-l)aj=21 x 15 x 12, 

or.?» =:21 X 15 X 12 shill.=21 x 3 x 3 pounds. 



12 Key. — Simple Equations, 

10. «=i whole no. of feet long ; Jaj + ^aj + 10 = aj, or 3aj + 4b + 120 

=12a;; &c. 

11. 85= whole no. of eggs; 2aj+^aj+lJ = 104, or 4aj+ajH-B 

=208; Ac. 

12. 22;=one, 3a;=the other ; 2a;+32;=150; &c. 
Or thtbs : aj=one no. ; 150— aj=the other ; 
aj=§(150-.a5), or3aj=300-2aj; &c. 

13. 2aj=the no. ; 4aj+8=5aj ; Ac. 

14. aj, aj— 7, aj— 17, the nos. ; sum, 3aj— 24=87 ; &c, 

15. X ponnds to the 1st, ^x to the 2nd, ^(x+^) to the 3rd ; 

»+i«+^+4a;=64; /. (9 + 3 + 3 + l)aj=64x9,orl6ar 
=64x9; &c. , 

16. X ponnds for the 1st, a; + 12 for the 2nd, a? +18 for the 3rd, 

aj+20 for the 4th; sum, 4aj+ 50=230 ; &c. 

17. X yds. at lljs. amounts to lljaj shill. ; 20— aj yds. at 7-Js. 

amounts to 150 - 7^x shill. ; then 11^ + 150 — 7^ 
=21x10; .% 23aj-15aj=420-300; Ac. 

18. X yds. at 12«. exceeds (449— a?) yds. at 17s. by 23s. ; 

.% 12aj-17(449-aj)=23,orl2aj-7633+17aj=23; &o. 

19. If they meet in x hours, one has travelled 9^ miles, the 

other 9iaj miles ; hence 9Ja;+9iaj=200; .•.•38aj+37« 
=800 ; whence aj=10§ hrs. ; &o. 

20. il's present age=2aj yrs. ; J5*s=aj yrs. ; and 22 yrs. ago 

^*s age = 2aj - 22, and 5's = a; - 22 ; /. 2a; - 22 
=3(aj-22) ; Ac. 

21. X years hence their ages will be 40+ a? and S+x; and if 

40+aj=3(8+aj), we have aj=8. 

22. aj=theno.; 1st remr. 2aj-10; 2nd remr. 2(2aj-10)-20 

=40; hence (aj-5)-.6=10, or aj=20. 



23. fl^sno. of pence given for each orange; 3 oranges cost 
3a; pencOi and 9 oranges cost 9a; pence ; «*• 12— 3a; 
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= 9a; — 12; whence 2; = 2 pence, and SOd. -$-2(2.3=15 
oranges. 

24. X filiill. each at first; when A won he had a; +30, and B 

had » - 30 ; /. l{x + 30) = 18(aj - 30), or 13aj - 390 
= 7a; + 210; Ac. 

25. K A has a; shill. at first, then if he win the stake he will 

have a; + 5, and B will hare ^(a!+5); hence B at first 
has ^(aj + 5) + 5. But if A lose, he will then have aj — 5, 
and J5 will have ^(aj + 5) + 10; /. aj-5=f(aj+5)+20; 
hence 3aj- 15= 2a; + 10 +60; &c. 

26. X days idle, 28— a; days at work; he receives for 28— a? 

days at 2^^., viz. 2-^(28— a;) shill., and pays for x days 
at a shilling, viz. x shilL ; so that he receives altogether 
2i(28-a;)-a;=52i; hence 140 -5a;- 2a;=: 105; &c. 

27. a; gall, through 1st, a;— 15 through 2nd, a;— 10 through 

3rd, per minute ; 20(a;+a;-15+a;-10)=820, or 3a;-25 
=41; &c. 

28. If J? has walked for x hrs., and therefore J. for a; +^ hrs., 

we have the whole no. of miles 4|a;=4(a;+:J), or 19a; 
^16a;+4; Ac, 

29. a;=rno. of men added, when 20 x 1000 rations were in store; 

hence 5 (1000+ a;) =20000; .-. 1000+aj=4000; Ac. 

30. X lb. at 1\b. + 30 lb. at 3^«. = (a; + 30) lb. at 3s. ; .% ^ + 100 

=3aj+90, or ia;=:10; Ac. 

31.. Tf ^*s no. of shill.=a;, then 5's=8-a;, and (7's=10-a;; 
/. B and G together have 8— a;+10— a;=12 ; &c. 

32. 8a; = his original money, in shillings ; he lost 3a; + 1^, 
and had remaining 5a;— 1^ ; then by winning he had 
If (5aj— 1^) — 1^, and then by lossing he had 

f of {lK5a;-H)-li}=4a;+l, 

or \ of |(50aj-15)-l=4a;+l, 

or^(50aj-15)=2a;+l; or 50af-15=:42a;+21 ; &c. 



H 



Key. — Cube Root. 



Ex. 27. 



4. 



3«» 
2y(3a!+2y)=6a!y+4y« 

3a!«+6a!y+V 


8a» 
8a» 


-6»«y+12a!y*+8j^( 

x+2y. Ans. 

6x*y+12xy*+8y* 
6x^y+12xy*+8y» 


3a« 
-3(3a-3)=-9a+9 

8a«— 9a+9 


- 9a«+27a-27( 

a— 3. ^tw. 

-9a*+27a-27 
-9o»+27a-27 


3a!« 
4(3a!+4)=12»+16 

3a!«+12a!+16 


1 

.12aj«+4»8aj+64( 

12aj«+48»+64 
12aj»+48aj+64 


12a« 
36(6a-36)=-18a6+96« 

12a»-18a6+9i» 


-36a«6+54a&«-27[/3( 

. 2a— 3&. ^fw. 

-36a«& + 54a6«-27&» 
-36a«ft + 54a62-27&3 
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Key. — Greatest Common Measure. 



6. In this example the work of constmcting the partial 
and complete divisors is subjoined to the other work. 

9 aj^— aj^+aj— 1. Aim, 



a: 



-3aj»+6aj7-10aj6 
-3aj8 + 3aj7- ofi 



3aj7 - 9aj« + 12aj« - 12ajH 10a:» 
3a;7-6a!«- ^-^ 3a:*+ a:» 



-3aj«+ 6a;»- 9aj^+ 9aj3-.6aj2+3a;-l 
-3aj«+ 6aj»- 9a;* 4- 9a:3-6je2+3aj-l 



3aj« 
-aj«(3a^-aj2)=: -3aj»+ aj 



4 \ 



3aj«-3aj*+ x^ 



(-«.»)«= 



aj" 



3aj«-6a5«+3a;* 
a?(3a?«-3a;^-f g)= 3a;*-3a;»+ a?^ \ 

3aj«-6aj«+6aj*-3aj3+ ^.2 



(+ar)«= 



aj^ 



3aj«-6aj«+9aj*— 6a^+3aj« 
- (3a;» - 3a;« + 3a ?--l)= -3a?^+3a;^~3a;+l 

3a:« - 6aj« + 9a;* - 9aj3 + 6aj2 - 3aj + 1 



Ex. 33. 

1. First quotient a— 2a;; remr. 3aa;^+3a;*, from whicsh strike 

out 3a;^, giving a+a; as divisor for a^-{-2ax+xK 

2. First quotient 1; remr.— 4a; +4, from which strikeout 

—4, giving aj— 1 as divisor for x^+x—2, 

3. Here we have 2(aj'»+3a;«+3a;+l) and 6(a;3+a;«-a;^l) ; 

and 2 and 6 have a common factor 2, which must be 
multiplied into the a.c.M. of the bracketed quantities, 
giving 2(a;^ + 2a;+l). 
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4. Throwing out the factors 2^ and 3, as they have no 

CM., we hare to find the a.c.M. of ^'— 5y+6 and 

strike oat 10) lOy— 20, remainder; 

y— 2 divides ^*— 5^+6. 

5. Cancel the factor a;' from the 2nd quantity : 
a,«-4a«) aj8_ 6^2,2 ^I2a2aj~8a3 (a? -6a; 
strike out 16a*) 16a*aj— 32a^ remainder; 

a? — 2a divides o^ — 4a*. 

6. Cancel the factor 2 from the 1st quantity : 
aj»+aj*+7aj+39) aj» + 5a;«+7aj+3 (1; 
strike out 4) 4aj*— 36, remainder; 

aj*-9) aj3+aj»+7a?+39 (aj+1; 
strike out 16) 16fl$+48, remainder; 

aj+3 divides aj*— 9. 

7. In 3(a;8+«*-5aj + 8) and 3aj(a;« + aja-7a!-g) the factors 

3 and 3a; contain the o.m. 3, to be reserved ; 

a^+aj«-6a;+3) aj«+aj«-.7a;-3 (1 ; 
strike out — 2) — 2a5 — 6, remainder ; 

35+3 divides a;^ + a?* - fia; + 3 ; 
.•. ao.M.=3(aj+3). 

8. aj*+aj*y+»y'+y*) aj^+aj^y+ajy'— y* (aj; 

strike out — y*) — ai^y*— y*, remainder ; 

35* +y* measures the 1st divisor. 
G 



1 8 K^, — Greatest Common Measure. 

9. Eacli quantitj gives out a factor a, to be reserved ; 
2a3 + a26-4afc2«353) 4a»+a'^6-2a6a + 6' (2; 
strike out - 6) - a^h + Baft* + 76» 

a^^^fjih^^l^^ 2a3+a26-4a&2-3fc3 (2a+136; 
strike out 886*) 88a6«+88&3 

a + 6 divides a* — 6a6 — 76* ; 
/. G.c.M.=a(a+6). 

10. Here the quantities give out factors 3a' and 10a, which 

have the cm. a, to be reserved. 

a*+5a36-a6*-663) a^-3a36-a6*+363 (1; 
strike out —86) 8a*6 + 86^, remainder; 

a^ — 6* divides the 1st divisor : 
/. G.C.M.=a(a3— 6^). 

11. a;^-2aj3y + 2a5y3-y^) a;<-2aj3y + 2«V-2V+y* (1; 
striking out 2y* from the remainder, 2aj*y*— 4jBy*+2y* 

gives »*— 2aJ2/+y*, which divides the 1st divisor. 

12. Making aj* + .6aj^ + &c. the divisor, and striking out — 4aj 

from the remainder, we obtain »*+4aj+4, which 
measures the divisor^ 

Ex. 34. 

1. 8aj2 + 6aj-9 

3 



6»«4-13a:+6) 24B«+18aj-27 (4; 

strike out —17) — 34a5— 61, remainder; 

2a; -h 3 divides the 1st divisor. 
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2. 15aj«-aj-6 

3 



9a,«-3aj-2) 45a;2-3aj-18 (5; 
strike out 4) 12a;— 8, remainder ; 

3a;— 2 divides the Ist divisor. 

3. Cancel the factor x &om the 2nd quantity : 

21aj«-26aj+8 
2 

6aj2-aj-2) 42iB2-62aj+16 (7 ; 

strike out — 15) — 45aj + 30, remainder ; 

SsB— 2 divides the 1st divisor. 

4. The quantities give out factors 2 and 3, which have no c.m« 

3aj»-3aj2+«-l 
4 



4flj«-.6«+l) 12aJ»-r2aj«+4aj-4 (3aj; 

32;^ 4- a; —4, remainder ; 
4 



12aj2+4fl;-16(3; 



strike out 19) 19a;— 19, remainder; 

ar— 1 divides the let divisor. 

5. Cancel the factor x from the 2nd quantity : 

5aj8+ «^- 64aj+18 
3 

3a;»-22aj-16) 16a;»+Sa;«-162aj+64 (5; 
remr. 3a5a-62ar+129) Z^- 22aj-16 (»; 

62a>* — 151aj — 16, remainder ; 



166a;2-453aj-46(62; 

strike out 2251) 2251a; -6753, remainder; 

a;— 3 divides the 2nd divi^r. 
c 2 



20 * Key. — Greatest Common Measure. 

6. Strike out the factor x from the 2iid quantity : 

4 



— 9a!*y+13ajy^— 4y', remainder; 
4 

-36aj22/ + 52ajy«-16y» (-%; 

strike out 43^^) 43ajy*— 43y', remainder; 

a? — y divides the Ist 

divisor. 

7. «3_8a>+3) aj«+3»*+a+3 (»»+3a?«+8aj+21; 
strike out 6) 55aj^+146a5— 60, remainder; 

llaj«+ 29aj-. 12 



aj3- 8aj+ 3 
11 



llic2 + 29aj-12) lla;»- 88a; + 33 (a?; 
- 29352- 76aj+ 33 
11 

-319aj2-836aj+363 (-29; 

strike out 5) 5ie+ 15, remainder; 

X'\- 3 measures the 2nd 

divisor. 



8. - 7aj»+ 4aj«+ 21aj-12 

5 



6aj3+2a;8-15aj-6) -35aj3+20aj«+106aj-60 (-7; 

strike out 34) 34aj2— 102, remainder; 

»*— 3 divides the 1st divisor. 
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9, 20aj<+a?«-l) 25a5< + 5«»-aj-l (1 ; 

strike out a;) 6aj*4-5a^— as*— a?, remainder ; 

6aj*+6a;*— aj— 1 






5a;»+5aja-aj-l) 20aj*+aj«-l (4aj-4 ; 

strike out 5) 25aj*— 6, remainder; 

5a^— 1 divides the 2nd divisor. 

10. The 2nd quantity divided by the Ist leaves 3aj* — 2a5*y + aj*y', 

from which strike out a;', and we have 8a;'— 2a^+^', 
which divides the Ist quantity. 

11. The quantities give out facters 3a; and 2a;, which have the 

CM. X, to be reserved. 

6a;* + 4aj3y- 9a;y-3a^»+2y* 
2 

4a^^4a^y^'\'4af-y^) 12a;H8a;8y-.18a;V- 6xy^+4n^* (3; 

strike out y) 8a;^y— 6a;*y*— 18a;y'4-7y*,remr.; 

8a?-Mf-lSxy*+7y^) 8a;*-8a;V+8a;y3-2y* (a;; 

remr. x4=24a;*y+40a;*y*+4a;y*— By* (8y ; 

strike out 20y«) 58ajV+ 68a;y«-292^, remainder ; 

2a;'+2a;y— y* divides the 2nd divisor; 

.*. G.C.M.=a;(2a;*+2ajy— y'). 

12. 4a;»-12a;»+9a;-l) 4a;*-8a;»+4a;«-32aj+32 (a;+l, 

7x^ — 40a; + 33, remainder ; 

7a;2-40a; + 33)28a;»-84a;a+ 63a;- 7 (4a;; 
remr. x 7=532a;«- 483a; -49 (76; 

strike out 2557) 2557a;— 2557, remainder; 

a;— 1 divides the 2nd 
divisor. 
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Ex. 35. 

1 . 2a&c into 2a and 35 = 2a&c x 2a x 8&=&c. 
3jBy into 3a:* and 4y*=3ary x 3aj* x 4y*=&c. 
ay into aj and x—y^^ay x »(«— ^)^&c. 

a into h-\-d and &— (2=&c. 

2. L.c.M. of the nos. is 120, and of a*, a^6, a*6*, is a*5* ; &c. 
L.C.M. of the nos. is 10, and of a*, a*6, a'fe*, Ac. is a*5*; Ac. 
L.c.H. of the nos. is 1800, and x\ ax^ a*, &c. is a^x^; &c. 

3. (a+6) into 2 and 3(a-6)=6(a+&)Ca-6)=&c. 
L.c.M. of the nos. is 12; 12a(a— l)(a+l)=:Ac. 

L.G.M. of the nos. is 120, and of x^x-k-y), yC^—y^j and 
(aj2— y«) is xy(x^—y^). 

4. L.O.M. of 4ia(a^ - &«), 1262(a + I), and 8a*(a - 5) is 

24a«6>(a2-5«). 
L.c.M. of 6ajy(aj 4- y), 9aj(aj* — y*), and 4y^(aj + y) is 
S6xy\x^^y^). 

Ez. 36. 

oasy o*(c+i») 33(m+2ai)(TO— 2a!) 

5a{2a)-y) 10a6*(26+a) 

6ajy(aj— 2y) 2m7i(m+w) a&c(a+6 + 6) 

3a^^(3a?-5y) ^^^ 
3«y«(4a-7y) 

2df(ah + 96 - 5c) /(a + 6) + 2aj(a + 6) 

aox^-^'adx—hcx—hd ca;(aa?--&)+d^(aa?— 5) • 

(ax+h)(ax--h) (ax+h)(aa—h) 
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a(aj+l) «»(a«-aj») 

a«4.6« a«-6« a«+&* ' (»+6)(«+fe) 

a^a+as) + &(«+») (a+aj)(a+fe) 
.(iB+l)(«-3) (iB+3)(a!+2) 

(a-25)(a-6) (2a-3a;)(5a+3aj) 

• (3a+aj)(2a+3aj) 

10. Divide numerator and denominator by tlieir g.c.m., which 

is readily found to be a; — 3. 

Or proceed thus : - ; a". Va\ .7 — q\ 

a;(aj* — oaj + 6) + (a; — 3) 

_ a;(a;-3)+4(a;-3) _ (a?+4)(a?-^) _ . 
aj(a>-2)(aj-3) + (aj-3) (aj«-2aj +!)(»- 3) 

11. The G. CM. may be f ound=fl; — 3y . Or we may proceed thus : 

(7a?»~21a;y)-(2an^-6y») 

(6aj2 -16aj«2^)-(3aj2y-9aji/«) + (2V-V) 

(5««-3ajy + 2i^«)(a:-3y) 

12 5a'(fl^H2aa;-ha?^) _ 5a8(a+a?)' __^^ 
»(a^+2a*»+2flwj2 + a;«) a;(a4- »)(«*+ »«+«*) 

^o (a;g-a;^) + (4gg-4) _ a;»fg-l)+4(a?+l)(a?-l) 
(aj-.l)(«HaJ+l) (a?-l)(a;«+a?+l) 

(aj-l)(a;»+aj+l) 

14 (a^»-l)-(3a^-3) ^ (^2 + ^+l).3 ^^ 
<aj«-l)4-(4aj''-4) (ajH«+l)+4.(a;+l) 
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15. Divide numerator and denominator bj their G.G.M., which 
is aj* + aaj+a^ as here obtained: 

x^-\-aaR^ — aH'-ay) aj*+aV + a* (1; 

strike out —a) — aaj^ +«*«*+ a'aj+ 2a*, remainder; 

aj'—ooj^— a^a;— 2a^) aj^+aas'— a^aj— a'* (aj+2a; 

strike out 3a*) 3a*aj*+3a^«+3a*, remainder; 

x*+ttx-^a^ measures the 2nd divisor. 

.g (2aV-2aa;«) + (aV-1) 

* (4a3aj« - 3a V - aaj«) + (a V - 2aa;3 + 1) 

_ 2aa?^(aa;g - 1 ) -f (ax^ + 1) (ax^ - 1) 
(4aV+aaj«)(aa;«-l) + (oaj^-l)' 

^ (3aa^Hl)(ax^~l) ^^ 
(4a V + 2aaj« - 1) (oaj* - 1) 

Ex. 37. 

3 a«+2a&-h&«-cg ^ (a+&)a-c« ^ {(a+&)+c}((a+t)-c} 
2a& 2a& 2a& 

2a6-aa-5» + ca _ oa-.(a>-5)'^ _ {c+(<i-&))fc-(a-&)} 
2a& 2a& 2a& 

^- ^+-^26— Jn^ 2F-j 

=^ HI X Til — 9 «^-> M above. 



Ex. 41. 
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y 

. of (iu)^l-^-3(«'-2)^Ao. 
t 01 (.lu; 2(a!+l)-27 

W Xj__^, (1 +8!) -<!-«) 

^*^'' ''a»_a,«~(a+a!)«-(a-iB)« 4a» 

l+'«j/+a)(iB— y) »*+l 

(ii) — : -. =-; -. — -. s=&0. 

- 4— aj Aat — 4+4i— » 

*~^^~t 7~ 

4— »+» 



(iii) 



» ^ «(!+«+!»») ^^^ 



^ a;(l— g+i»*) l+iB'+iB— sB+aj*— 



Ex. 42 
1. «Qr^=a,(l+a!a)=lx(H-l)=2. 

2 (a)+7)(a!-5) g+7 _5+7_3 
(a!-l)(»-6) «-l 6-1 ■ 



5' 
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(aj+3)(aj-.l) aj-l -3-1 ^' 

. a?'(a?+2)-4(g+2) _ a;'-4 _ (a;+2)((g~2) _a;+2_4 

• aj»(aj+2) + (a!2-4.) aja+a,_2 (aj-l)(aj+2) aj-1 " 

(5aj-l)(-aj-l) 1+aj 1 + i ^ 

/, Q^^G? a* + aa?+fl^^ 3a^ 

(aj»-a^)-2aaj(aj-a)""(ajHa« + a2)-2aaj"3a«-2a« 

=s&C. 

7 (2ga-3a>-6)(a?-2) ^ 2j;»-3g-6 ^ 8-6-6 ^, 

* (aj24-2aj-3)(aj-2) aj«+2aj-3 4+4-3 

g (a?»H-3g-10)(a?-3) _. a?»+3a?-10 ^ 9 + 9-10 _, 
(»«-2aj- 6)(«-3) aj2_2aj- 6 9-6- 6 ' 

9 (2g+a)(a;— 2a) _ a>— 2a ■-■ •~^^""^^ — Aq 

* (2aj+a)(aj« + 2aaj-a2)'"ajH2a«-a2"ia«-2a«'~ ' 

10 (3a?^+g*) +(3g«+a;) + (9a;-h3) ^ gHg-h3 ^ . 
(3a!»+»«)-(3aj«+«) + (9aj+3) aj«-aj+3 

.. 2-(g+l) _ g-l ^ L-=-.i 

• aj«-l (aj-l)(a;+l) oj+l ^' 

12 tt(a?^— 2cfl?+c*) __a 
5(aj2-2caj+ca)""fe' 

Ex. 43. 

1. Mult, by ac\ then a^c—hcx^^a^x^ah* ; 
hence (a* + &c)aj= a'c + ahK 

2. Mult, by c«b: then oce+fteaj— ccl»=0; 
hence (c(Z — de)x=iace, 

3. Mnlt. by a&: then &2+aa;=a&c; 
hence (a+&)a;=a2)c. 

4. Mnlt. by hce: then a5eaj + 5*e— ace=6c*aj+6ci; 
hence (ahe'^hc^)x=s=^hcd'-h^e+ ace. 
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5. Malt, by cte: then od^ + oaj^ssacdlaj+aa^; 
hence acdx=ad^, or cx^=d, 

6. Mult, by aft»: then a*— ft*=a&aj(a*— 6^) ; 
hence dbx^=\. 

7. Mult, by 6/: then a/a; + 6caj= &/^aj + 6/A — hex. \ 
hence (of + 26(j — hfg)x=^ hfh, 

a Mult. byl2: thenl6a(l+aj)-9(a-aj) 

=9a(l-aj)-16(a+aj); 
or 16a4-16a.e— 9a+9aj=9a— 9aaj— 16a— 16aj; 
hence (85a+25)aj=— 14a. 

9. Mult, by 12aj: then 6x^-\-9x+16x^ 
=12 + 24258 + 8aj - 2aj2 - 2a; ; 
hence 3a;=12. 

10. Mult, by 40: then 40-5aj^4 - -^ =^(6-6a;) +213 ; 
hence 40-20aj+15=80-^+213; 
or-238-20a;=-^; /. 714+60»=200a;. 



Ex. 44. 

1. Mult, by 10: then i^+?-5a;=|— ?|5; 

^ 7 7 7x 7 

-I S6x ,8k 8 88 -li 
hence -t; — ^--— 6a;=--; or-=-f--; /, -=1. 

7 7 7x 7 7x' X 

o ^ 2— a? _3af 1 , » 2— a ?__i 
6 "^"""6 2"*"6' 8a; "*' 



hence 8a;=4— 2a;; &c. 

^ , ^ 7»--3_8» 12 7a?-3 
14'*"l4'*"6a;+2 14"^ 14' ^^6aj+2 

hence 7aj— 3=3aj+l. 



dbe 

6 + 6«' 
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4. Mnlt. by aj+3: then &b+6+^^±^=8«+24 ; 
hence ?^=6; Ac. 

5. Mult, by aj + c: then /'^+^^aj=a5+c; 
hence f^!±^'-l)aj=c; and aj=— ^ 

6. Mnlt. by 2: then ?^II^=l + 2^ll6 . 

^ x+2 ^2aj-l' 

thatis,2--^=l + l_^ 1^^^^ 2 ^ ]_ 

»+2 2aj-l' 25+2 2aj-l 

7. 12aj2-.4aa._a2=:12aj«-6aj-62; 
hence (6— 4a)aj=a^— &» 

g 3a?~a?+l 31^ 12~a?+2 2aj , 36_ 7 a; 
9 "^36 20 ' ''''y^36"l0""20' 

hence ^5f±^=126r:l^ . . 49^=^-49 
180 180 ' • ' ^' 

9. Mnlt. by 6: then ^^^^+-J-.=8 • 

^ar-S^l-aj^' ••l-» aj-3' 
hence aj--3=— 6+6». 

10. Mnlt. by a6: then -^4— ^=_1- . 

5— « c— » c— »' 

•*• 7 — = ; hence 6c=6*— a6+aaj; 

/. a«=5(a— 6+c). 

n 2g4-3 1 _., 1 ^,1 ._2 i^3»-l 
^^- 2^+T-^3^»-^-*"i'^'^+2^Tl=^"^"3i^ 
/. 6aj*=6«^4-a5— 1; whence fl;=l. 
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12. Mult, by 6: then l5±2£+?£=§5=13 ; 

X — a x-^a 

-I [-9 =13; 

x—a aj + a 

1 2 

bence ■= ; •*. 2aj— 2a=:a54-a. 

aj— a a;4-a 

13 3a? 1 x 10-2a? _ 6Q-hg— 1 
4 6 6"^ 55 ~ 55 ' 

9a?-2-2a? ^^^j^ /. 65(7a?-2)=12(49+3a?). 
12 00 

14. Mnlt. by 2»: then -=^=2a+2aj-2a+2> ; 

a+a5 

.-. 2aj*=(a+a!) (h+2x); or 2aj«=a6 + (2a+6)aj+2aj«; 
bence (2a + h)x^=s — ah, 

15. Miilt.by6:tben-^?+^+7 = l?i±^; 

^ 3aj+5 2aj+3 ' 

or2 + s^ + 7=9+s-^; whence ^ ^ 



3aj+5 2aj+3' 3aj+5 2aj+3' 

/. 9aj+15=4aj+6. 

16. ^(lla5-13)+K19a^+3)-TVa5»-76)=^?^^li^; 

mnlt. by 84 : 

||(llaj-13)+228aj+36-105aj+532=:2348-68aj; 

/. fJ(lL»-13)+191aj=1780; 

mnlt. by 25 : then 924aj-1092+4775aj=:44500 ; 

whence 5699a;=:45592. 

17. Mnlt. by 18: thenlOa>+17-^^^±^=:10aj-8; 

13aj— 16 

/. 26(13»-16)=:216aj+36. 



1 
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1ft 2g4-3 30~3a? _ 12->2a?--3 
^^' "T" 11 33 ' 

. 2a?4-3 _ 90-9a;4-9-2a? _ o x . 
••6 33 3' 

hence2aj+3=18--2aj. 

19. Mult, by 52 : then 

26a;-51— 8+24aj=52aj- J(20aj-10+3«) ; 

.\ 2aj4-59=i(23aj-10); or 6ajH-177=23»-lO. 

20. Mult, by 15 : then 6aj+ 13 -?5±15=6aj ; 

aj— 5 

/. 13(aj-5)=9aj + 15. 



o, 2a;-14_2a;-16 1 2aj-13_2aj-15 . 

^A. r; — — ^ — "— ^Tj or — — — jr- \ 

a+7 »— 3 »+7 a»+7 as— 3 



22. 44-^^ + 8+^=62; 

3a!+l «— 1 

.*. 43(<B-1)=13(3«!+1). 

23. Mult, by 9: then §^=3«?±l^+28; 

or63+-^=35+A+28; 
A 36(aj+2)=35(aj-l). 



94 1-7 6()a;+170 _ 6a;+17 . 



or 



3aj-10 -2aj+ 

370 \ o . 20 



/. 37(2aj-l)=2(3a5-10). 
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25. 11+5^±|^^8^±|7 
6aj+5 4»+7 

orll + 10+-A_=21 ''^ 



6aj+5 4«j+7' 

.% -14(6aj+5)=4flj+7. 

26. Mult, by y» : then 

aj-1 3aj-2 

or 3^+^=?5!ri^+^0_ 

or3aj + l+-i5^=3« + H ^^ 



> 



aj-1 3aj-2' 

.-. 3aj-2=2(aj-l); hence 3aj=2aj* 
which can be true only when fB=:0. 

87. Mult, by 60 : then 

42aj+3y + 56aj-|(aj--li) 

=36aj+12+^(1290aj-45 + 120aj) ; 

/. 61aj + 27=f(2aj-3)+T\(1410aj-45); 
mult, by 4 : then 

244aj+108=10aj-.15+TV(5640aj-l80) ; 

/. 234a5+123=TV(5640a;-180); 

or 78aj+41=TV(1880a;-60) ; 

mult, by 11 : then 8680? +451 =188035 -60. 

oc{ 18a;- 22 . p, . 2a; 106-101 -1 , 8g 
^^- 3(13-2a;)-^^^+T= 24 +T' 

mult, by 3: then ^II?^ ^ ^^ _j^ g 1 ^ g^ 
whence 2(18a;-22)=:13-2aj. 
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29. ^-1+1-2.+^ -^(l6-l.-2)=|+3; 

mnlt. by 4 : then 
16a;-2aj+4-8aj+aj— ^(28-aj)=6«+12. 

30. Mult, by 6 : then 

6~5a? 35-10a: «^ 5+15a;+l 10a?-ll 
3 14(a;-l) 21 6 ' 

xnnlt. by 84 : then 

168 - 140aj - 21Q-6Qa?^ ^24 + 60aj-140aj + 754 ; 

a;— 1 

iA «A^ 210-60aj« r. ^1 6a;2— 21 

or —10— 60« = ; — ; or 6aj + 1 = -— ; 

25- 1 aj — 1 

/. 6aj2-5aj-l=6a;«-21; whence 5a;= 20. 

2aj-l ^aj+3 ' ^2aj-l^ aj4-3 ' 

:. 11(«+3)=18(2»-1). 

32. Mult.byl:«xen^^+^+M=^=V; 

42aj-7 24aj-24 . 

7aj + 2 12aj-i-7 

A 12iB+?=2(7a!+2). 

33. Mult, by 6: then ^=^=^=1-1; 

^ 2i8+l « +1 

or 2-5-4^=3-^-1; .% 2(2iB+l)«a!+l. 
2«+l »+l 

34. Mult, by 4: then ^f+^^ ^lfctf + l ; 
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Ex. 46. 

1. If the harness cost x pounds, then t]^e horse 2a;, a^d the 

chaise 3a; x 1^ ; /• a$+2a;+4f^=60. 

2. If 2a;=no. of cav., then 25a;=no. of inf., and a^ssno. of 

art.; /. 28aj=2744. 

« 

3. If a; pounds were given to the chariiy, then 12a$ to eldest 

son, 12a; H- 1^=80; to each younger son, 12a;H-l|=7^a; 
to each daughter; .% a;+ 12a; + 16a; +36a;= 13000. 

4. If 7x acres are given to A^ then llo; to B^ and 18a; x 1^ 

toO; ••. 7a;+lla;+27a;=270. 

5. If he went x mi. by water^ then fa; on foot, and fa; on 

horseback; /. a;+^+|«=3036; 
hence 35a; + 20a; +14a;= 3036 x 35 ; .\ x^4A x 35. 

6. If the side of the square=a; yds. , then (a; 4- 6) (a; — 4) as=a;^ ; 

whence 2a;=24 ; .•. a;>=12^ 

7. If length=a; yds., then breadth=a;— 4, and 

a;(a;-4)=(a;+l)(a;-3)-27; or a}2-4a;=«2-2a;-30; 
whence 2aj=30. 

8. If a;s=no. in each side of the first square, then no. of troops 

s=a;H60; /. a;«+61s=(a;+5)(a;-3) ; whence a;=38, 
and a;^ 60=1504. 

9. If a;=one no., then 150— a;=the other ; 

. a; ,150— 05 ^ ^« » • « 12+a; ^ 
•• 23+--27"=^' ^''23+^-^-2r=^' 
/. 27a;=:23(12+aj); whence 4a; = 276. 

10. If a;=sno. of hf.-crs., then 140— a;=no. of flor., and the 

total value in shillings is 2^xa;+(140— a;) x2=325 ; 
or2^4-280-2a;s=325; .'.^=45; whence a;=90 hf.-crs. 

11. If there were x lb. tea, then l^a; lb. coffee. No. of pence 

gained on tea=4 x a$, and on coffee=2 x l^a; ; 
/. 4a;+2|a;s=600; whence 20a;=1800. 

12. If it held 5a; gaU., then 5a;— a;— 10sb| of 5^ ; 

/, 12»-30=10a;. 
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13. If A liad X pence at first, he gave away (^+ 1 of ff )^9 

or -"Jq— »; /. «-tV=205 hence 5aj=280. 

14. If 6« ponndsssliis income, then 6aJ— (2a5— 10)=3fl!+46; 

or4aj+10=3aj+45. 

15. If he had x oranges at first, then 1st remainders^— 1 ; 

but 2nd reniainder=^(^— 1)— 2=3 ; 
.% i«— J=5; whence*— 2=20. 

16. If B had Zx shill., he gave A 2x^ and then had left 

;t=|(18+2aj); /. 6a=36+4aj; whence 3aj= 108. 

17. K at first A had 2x ponnds, B had 3sb ; bat after the 

payments A had §a;+l, and B ^x-^l ; 
hence |aj+l=|«-2; /. 8«+12=9a;-24. 

18. If lead and tin each = a; lb., then lead+tin=2fl; lb., which 

being 5 lb. more than half the whole, •*• the whole 
=4aj— 10, and the copper=^(4aj— 10)— 5, or 2aj— 10 ; 
.-. a;=J of 2aj+5 ; or 3aj=2«+15. 

19. If a; ponnds=the real value, then the loss=fl;— 42 ; but 

the supposed gain=52i— aj=|(aj— 42) ; /• 210— 4« 
=3aj-126. 

20. If he won x games at 2 shill. each, he lost 20— a; games 

at 3 shill. each; /. 2aj-3(20-aj)=5,or2aj+3aj=60+5. 

21. B overspends yearly ^ of £220, or £55 ; /. if he had 

spent only £(80—55) or £25 more than A^ he would 
have spent simply his whole income. In that case, if 
6x pounds=the income of each, then A would spend 
4sx and B ^; •*• &b— 4b=25. 

22. If A saves x pence per day, B saves a;- 6 ; then A'b whole 

saving=50a!', and 5's=50(a5— 6) ; 
.'. 50a;=150(aj-6)+60x2J; or 2«=6(«-6)+6. 

23. If weight of cover =aj ounces, then 2nd cup =^(12+ a?), 

and 2nd with cover=i(12 + 3aj)=12 x IJ ; 
.-, 124-3aj=32. 
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24. So) tickets at 6 8liill.=sl8as shill. ; /• yalae of watch 

=18a;— 80; again, 42 tickets at 5 shill.=20a; shill ; 
•*, yalae of wat<5li=20aj— 4x, or 16aj; 
hence iaB-80=:16a;, or 2a!=80, or 16a;r=:640 shill. 

25. If A has Z» pounds, B has Ssbh-I^, or 2a;, £ and (7 have 

32-^1^, or 2^; •*• has 2^— 2^;, or^; also D has 
(3»+|aj)xli, orf|«; 
hence 3aj+2iaj+f|aj=149; .% 149»=149xl6, ora5=16. 

26. Assume a;=his na of horses ; then the no. for which he 

had room = « — 8; /. 1 J(» - 8) = » + 8, or 3aj-24 
= 2aj+16. 

27. If a; = no» of widows, then the sum in shillings is 

4J«+1=5»-10; /. i«=ll. 

28. K 3a;=no. of feet in circnit, then 3a$ palisades are re- 

qnired at a foot distance, but only x palisades at 3 feet 
distance; .*. 3a!-'I50=:a;4-70; hence ie=110 ft., and 
3a5=110 yds. 

29. If fl;=the no. of tens, then a;— 4ssthe no. of nnits, and 

the valne of the nnmber is 10a; + (ar — 4), or llaj— 4, and 
the sum of the digits is 04- (a;— 4), or 2a;— 4; hence 
ll«-4=7(2aj-4). 

30. Let a;=lJie tens digit, then ^—2= the nnits digit ; /. the 

valne of the nnmber =:10a5+(»— 2), or llaj— 2, and 
that of the nnmber formed by inverting the digits 
=10(aj--2)+aj, or llaj— 20; 
hence ll»-2-li(2aj-2)=llaj-20; .-. 3aj-3=18. 

31. Denote the hundreds, tens, and nnits digits, respectively, by 

a;+l, a;, a;— 1 ; then, sum of digits=3a;, and the value 

of the number=100(aj+l) + 10aj+(aj-l);orlllaj+99; 

also that of the inverted form=100Ca!-l)+10aj+(aj+l), 

or lllaj— 99 ; hence 
lll«+99-Klll«-9^)=3» X 36 ; 
/. (3aj+99)x4=lllaj-99. 

D 2 
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32. Let iBssno. of days required : in one day A does -^ of 

the work, and B \ ; and when A has done -^ there 

/M /M ^ 

remain -^; hence —+s=tt^; or 4flj+6aj=28. 

33. Let a;=no. of days required : in one day A does -^ of the 

work, B-i .\ i-+l=l; or 7» + 70=10a5. 
X 10 X 7 

34. Let iB=no. of hours required : in one hour the father reaps 

J^ of the field, the son -; /. — -H — = the whole work, 

X 20 X 

=1 ; hence 20a;=16a;+120, or 5a;s=4i;+30. 

35. Let X days denote ^'s time : in one day A builds ^ of 

the wall, 5-; .% -H — =-; hence 5aj + 40=8a?, and 
X 8 a; 5 

a;s=13^ days. Accordingly, half the wall could be built 

by il in 4 days, or by B in 6f days ; so that A should 

begin 2f days after B. 

36. A could do the whole work in f of 10 days, =18 days. 

Then, if B could do the whole in x days, we have 

4—=-; /. -=75, and aj=10|^ days. 



18 a? r X Iff 

37. If a;:=no. of minutes required, then, since the supply pipes 

fill ?V+Tir ^^ ^^® cistern per minute, and the discharge 

pipe empties ^h, we have ^+ JL-|L=:i . 
or 5»+4«-6«=120. 

38. If one package weigh x lb., the other weighs 224— a;; 

and we have yfgaj+TiT33f(224— «)=24; 

/. 9«+224xl3-13aj=24xll2; or 26-^=24. 
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39. If A conld fill it in a; minutes, then A supplies - of the 

X 

whole per minute, and B -— — , or ^"" -; so that B 

15 X \hx 

could fiU it in -i^ minutes. But - +P = 1 ; hence 

»— 15 X 15 

aj=37i minutes by A ; /. -1^==25 minutes by B, 

40. Denote the sums by x and 330— a;; then the amount of 

returns is H J« + :Afc(330 - aj) =345 ; 
.% 5aj+4(330-aj)=:1500. 

41. Suppose 2;e gall, daily for the woman, then Zx for the 

man, hx for both ; /» hx x 20sl00a; gall, in the full 
cask ; hence lOOaj— ^=5» x 18+2aj x 2 ; 
or «=A ; •*• 100aj=12 gall. 

42. Assume x pounds for the less sum : 

.-. (607tV- ») X tJit-* X T'A=18t ; 
or (7285 -12») Xyk-^x |» =Uj^ ; 
or (7285 -12aj) x 14 -» x 195=1128 x 40 ; 
whence fl;=156f. 

43. Suppose the child could reap pef hour - of the whole 

X 

then the woman — , and the man — : hence — = 777: 

X X X osy 

X 

or 9=930 ; .*• time requited for the man j-z=^^ hrs., &g. 

15 

44. The interests on 100 are f of 3^, and ^ of 4]^; or 2^ and 

2| ; so that 2^ is the discount on 102^, and 2f the 
discount on 102| ; or the proportions of discount are 
-g^j and ^y^. Hence, if we denote the greater sum by 
Xf and the less by 9—203^, we have 
TrJ7«+T?3S:(«-203i)=24i; 

or (^-j^^)x^7+^^W^ i 

or (821 +921)a?= 3484 x 307 ; 
whence «=2 x 307« 
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46. If B could reap the whole in sb hours, we have —+-=-—, 

whence a;=30 hoars; but B does iV~i^9 ^^ 7V> ^^ 
the whole per hour more than ; 

/, does ^— 4V, or -yV* per hour, or the whole in 80 hrs. 

Hence (i) B and 0, together, do •ixs'¥-ij5=^Ti^ P®^ hour, 
or the whole in 21-i^ hrs. ; 

(ii) A^ By and (7, together, ^V+A^=7'A P®^ hour, or 
the whole in 10^ hrs. 

46. Call the hour hand H, the minute hand Jlf, which travels 

12 times as fast as HI. 

* 

Suppose M has travelled x minute spaces, then H. has 
travelled t^; and (i) we have»— ^^=60; whence 
a;=65^ min. past 6, or h^ min. past 7 ; 

(ii) we have a?— ^^=15 ; whence «=16^ min. past 6. 

47. If 10a; shill. denote J.'s monej, then il's fftmilj costs 

X shill. a day, and 5's 10aj-rl5, or fa? ; 5's money 
=|« X 12, or 8» ; hence 8aj=7aj+2^ ; whence 35=2^. 

48. If 8aj— 8=the no. of ducks, then 7aj— 8=the no. of geese; 
8aj-16 






7aj-16 



=J; or49»-112=48aj-96. 



49. If the tin=a! lb., the copper=a5+40 ; 
aj+40+lfa5=Vaj; /. aj=36 lb. tin; 
hence a;+(»+4>0)=112 lb. 

50. If the weight of gold in air be a; lb., that of silver is 

106-aj; 

.-. tf«+A(106-aj)=99; or A«+TV(106-aj)=:ll; 
hence 20aj+19(106-a;)=:190xll; 
/. aj=19(110-106)=76. 



Key. — Simple Equations. 39 

51. If h9 sbill.=original yalae of each ocnn, then 4i;=:it8 

reduced yalae. Now, since x shill. was gained on each 
coin passed, .*. the no. of coins pas8edsss52^-4-;2;, or 
y)h'^2xy and we have 

•i. . . , ^ . 105 . 3 175 

the oneinal no. of coins=-7r — f-^, or -rr— ; 
° 2a? 5 2a? 

T - . ., 175 105 1 

also, no. of coins seized =-pr -zz 1, 

2a? zx 

OP 1, each worth 4b shill, 

X 

Loss on the whole, 4ajC— -1^ -^^-i of 52^ ; 
/. 140-4aj=^ of 52i ; or 840-24«=7 x 105. 

52. Let fl;=whole no. of light sovereigns, eqnal in weight to 

x-^9 true sovereigns; .*• weight of a light sovereign 

a:— 9 
= of a tme one ; 

X 

hence ^^=ff, or 21aj-189=20aj. 

X 

53. Suppose B ran for x minutes, then A ran for a;+^ mi- 

nutes. Now, B ran (900— 75) -♦-5 or 165 yds. per 
minute; 
/• the length of the cour8e=165a; yds. 

A ran 900 -h 5 or 180 yds. per minute for 5 minutes, and 

160 yds. per minute for x-\r\ — 5 minutes ; 
.•. 900+160(»-4J)=165aj; or 5aj=:900-720. 

54. If J. had travelled for x hours when he was over- 

taken, B had then travelled for a;— 2 hours; hence 
4aj=5(aj-2) ; 
•\ a;=10. Accordingly, the whole distance is 4a;=:40 
miles, and O's whole time is 40-r-6=6f hours ; but 
B*^ time is a;— 2=8 hours; •% must start 1^ hour 
after B. 
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55. If the investment in the 3^ per Cents=a;— 100, then that 
in the ^ per Gent8s=iB+100, and the whole money 
inyested=2a;. 



The joint income is (« - 100) x H + (» + 100) x - .^ 

o5 lUo 



hence T^+,^-:ftft,«=i^- W = -T*T ; 
mult, by 170 : then 

mnlt. by 420: then (2940+ 2975 -5916)«=- 3500. 

Ex. 46. 

1. 4aj+18y=22, 2. y=a-aj, 

4aj+ 3/=: 5, /. aaj+&(a— aj)=K^*, 

^.^ 17ys=17. or (a-&)»=-6(a-6). 

3. y=2aj— 8, 4. y=6— oaj, 

/. 2(2aj-8)+aj=:9, .*• «+6(&-a»)=a, 

or 5»=25. (1— a6)aj=a— 6^ 

5. 8aj-36y=44, 6. Vx^-ahj^V, 

9a;— 36y=45, a*aj— a&y=a^ 

/. aj=l, /. (a8+&8)«=a«+2»*, 

and 2—9^=11. and (j^-^olbi^^^o?. 

7. 2«+3y= 8, 8. aaj-&y=0, 

21aj— 3ys=15, 6aj+2^=5c, 



23« =23, /. (a+6)aj=6c, 

and y=7aj— 5. and y=aaj-f-&. 

9. 35aj+28i/=406, 10. 7aj=:y, 

12aj+282/=268, 2aj+20=21aj+l, 



/. 23aj=:138, 



.•. «=1, 



and 30+4y=-58. and y=7»as7. 
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11. 3aj+2y=78, 
3iaj+2y=80, 

and30 + 2y=78. 



12- 8aj+9y=43x72, 
9»+8y=:42x72, 

/. »- y=-72, 

8aj-8y=-78x8, 
add(ii)17aj=(42-8)x72. 
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13. By addition: 

46a;-4«62/=92, 

/. »— y= 2, 

13»- 13^=26, 

21aj-132/=90, 

.% 8a!=64, 
and^=a;— 2. 



14. By subtractioii : 

2«- 2y= 18, 

/. 30aj-30y=270, 

17aj4-30y= 69, 

.•. 47aj=329, 
and 2/=aj— 9. 



15. By snbtraction : 

3(te-60y=0, 
or «— 23^=0, 

or 9;=s2y, 
A 32y+lly=86. 



16. -aj— v^&m, 
/. — — — aj=tw4-(i». 



17. 10»-y=17, and aj+9y= 29^ 

90»-9y=153, 



.-. 91aj=182, and y=10«-17. 



18. From (ii), -a?=-y; whence y=—-aj ; 

e a DC 



• • g= 9 . o ; aaa y=-r- ^ 9.9 - 
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19. From (ii), &y— a«=a*— 5*, 
(i), hy-\rCM^c^ \ 

by subtraction : 
by addition : 

.20. Mult, (i) by a&*, (ii) by a«& : 

Mnlt. (i) by a*&, (ii) by aJ* : 
/. (a*4-&*)y=*a6(a— J). 

21. ?+?+|=l, and 2-2+1=1; 
a c a c 

. /I 1^1\ /I X 1\ 

Va (5/ Va c) 

hence y=»'7 ^^=^( l + I T ) 5 

and (i) becomes »f-+i+i+- ^ — - =1; 

I abc bQ^{ab+ac)) 

i aoc(oc— ao— oc) ) 
Trhence a;=tbe reciprocal of the aboye coefficient. 

Affai • = . &c~ac— g& .^^/'j 2ab \ 

^°' ^""^ 2wj-cMJ+a6^^V bc-ac+db) ' 

and (ii) becomes y( — h- —, — |=1; 

"^Va b c bc'-ac+CLbJ 

ory f &o4-(fl^c-ft&) 2a ) ^. 

i a&c 6c— (ac— aft)) ' 

&c. <fec. 
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22. Mult, (i) by 6, and (ii) by 2: whichwmgive40+3^=4f8, 

and -ai;+5i/s22. 

23. Mult, (i) by 20, and (ii) by 6} whioh wfll give 6ai-5ys=8, 

and 4a; +15^=42. 

24 Molt. Ist and 2nd expressions bj 7: irbich gives 
30aj+2Gy=49aj-98y +49 ; 
OP -19aj+ 124^=4.9. (i) 

Mult. 2nd and 3rd expressions by 6: which gires 

42aj-842/+42=12{6i/-.18+2(2y+16)} ; 
OP 21»-102y=51. (ii) 

By addition : 2aj+22t/=100, or a;+lly=50 ; 
hence 19aj+2092/=950, to which add (i) ; Ac. 

25. 7»-y+2=35; op7aj-y=33; 
12y-»-l0=9; or -aj+122/=19. 

26. 1062/+9aj-64y+9=5:7a5-21; 6r a?+26y=-16; 
7«-36y+66=27aj^ll72/+55; or -20a;+82y=-i. 

27. Mult, (ii) by 12: 9y+6aj-8-.3«-32/=|f(7aj+6) ; 
opaj+3y-4=A(7aj+6); 

mult, by IX : llaj+33y -44=420? +36 ; 
OP -31aj+33y=80; 

(i) x30 gives 9aj+12y+9-6«+2y=160+6y-48 ; 
op3aj+8y=93. 

28. 40aj— 6y-15=140+12y-8aj; or48aj-17y=155; 
24y— 16+-2aj=147-6y-3; op aj+15y= 80. 

OP 19aj-437=2aj-4y ; op 17»+4y=437 ; (i) 
opl7a!-306=3y-9; or 17a-3y=297. (ii) 



44 
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Ex. 47. 

1. (iii) — (ii): y+«==5; (ii)— (i): »+y+«=:6; •% «=!. 
By (i), %+4«=18 ; /. 3y+4(5-y)=?18 ; /. y=2. 



2. 



(ii)x4: 8y— 48= 44, 
(iii) 3«+4«= 67, 



3. (i)-(ii): a5-y-7«=-60, 
(iii) 35— y4-6«= 41, 



/. 3aj+8y=101; 
(i) 6aj+3y= 65. 



.% 13«=91 ; or «= 7 ; 
by (i): 3aj+2y= 27, 
by (iii): 2aj-2y=-2. 



4. (i) + (iii): 2a;=8; /. aj=4; 

(i) + (ii): 2aj+2y=-2; or8+2y=-2; &c. 

'■ % 1:^:^; 1 ••• -^«-'-^. 

(iii) »-3aj-l=2y; /. »-3(4a;+3)— 1=4-4»; &c. 

6. (i) — (ii): y— «=a— 5; (iii) y+aj=c; 
/. 2»=c-h&— a; and 2y=c— 6+a. 

7. These equations may be written 

1=M.1=M.1=M; 

hence (i) -+-=6; (ii) -+-=3; (iii) ^+^=2. 
y X z X z y 

12 12 12 
By addition we have — | — + — =11 ; from which sub- 

X y z 
tract, separately, twice (iii), twice (ii), twice (i)* 

8. (i) 2aj-2y-3« ='-2, 
(ii) x-Sy-Sz = -1, 
(iii) 2a5+4+3«= 4; 



(i)-(ii): «+y=-l, 
(ii) + (iii): aB+y= 3. 



9. Mnlt. the equations respectively by 12, 6, and 6. 
(i) 6a;+4^+2« = 144, 



(ii) -» + 3y+2a= 48, 
(iii) Sx +2z = 60; 



(i) -(ii): 7x+ y=96, 
(iii)-(ii): 4flj-3y=12. 
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10. -i«+ y+ J«= 5, 



Malt, these respectiyelj by 30, 100, 
aiidl20; thenadd(i)and (ii),also (ii) 
and (iii); whence 19aj+ 10^=165, 

and 145/!— lOOys: 25. 



Ex. 48. 

1. Let a;=no. of shillings for ale, y=ditto for stout, 
(i) 7aj+17y=:267; (ii) 12aj+7y=192; 
subtract, and divide by 5. 

2. Let fl!=no. of pounds for a horse, ^=ditto for a cow. 
(i) 9«+7y=300; (ii) 6«+13y=300; 

subtract, and divide by 3. 

3. Take x yds. and y yards for the lengths ; 

(i) 8a;+9y=253; (ii) 2«+2y=:60, whence y=30-aj. 

4. Take x lb. of tea sold at a Iobb of 3i. per lb., and y lb. of 

coffee sold at apra/i< of 4(2. per lb. 

(i) 45aj+14y=3060; (ii) 4y-3«=240; 
multiply (ii) by 15. 

5. Suppose X men, y women. 

(i) 3aj+y=46; (ii) 2i« + %=45; 
mult, (i) by 3, and (ii) by 2. 

6. Suppose 12^6 men, 12y women. Viz children ; then, ex- 

pressing the money in shillings, we have 

(i) 30aj+12y+12»=:258; (ii) 12«+20y+12«=258; 
(iii) 12aj+122/ + 15«=258. 

(i) -(ii) gives 8y=18», or 12y=27aj; 

(ii)-(iii) gives 8y= 3«, or 12»=72a!; 

A 3aB+27«+72aj=258; whence aj=2; 

and 12fl}+27fl;+72a;=222 persons. 
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7. Take d; for numerator, y for denominator. 
?±^=|; .-. 3*-2y=-21;(i) 

-£-=!; .•.&!=3y= -21. (ii) 

8. Suppose a; crowns, y half- guineas ; then, expressing the 

values in guineas, we have 

^aj+i2/=25, or 10aj+21y=1050 ; (i) 

and 22/- 3»= 17. (ii) 

9. Suppose A has x shill. per day, B y shill. 
(i) 15aj+142/=117; (ii) 4»-3y=ll. 

10. Suppose co£fee at x pence, sugar at y pence. 

3aj-i-52/+aj+2i=120, or 8a5+103/=235; (i) 
2iaj+8^4.y+2i=120, or5«+182/=>r235. (ii) 

11. Let A=:x, B^y, O^z ; then (i) aj+iy=1000 ; 

(ii) y+ ^2=1000; (iii) i«+2=1000. 
(i) X 6- (ii) X 3 gives 6«- »=3000 ; to which add (iii). 

12. Take x apples at ^d,, and y pears at ^d. 
(0 i«+iy=30; (ii) ^+Ay=13. 

(i) X 6 gives f aj+y=150 | .^ 5^^4^^^ 
(ii)xl5 gives V*+2/=l^^ ' * 

13. Let X fb.=r length, y ft.=breadth ; then fl^=area. 
(x+4i)(y + b)=xy +116; whence 5aj+4y= 96 ; (i) 
(aj + 6)(^+4)=ajy+113; whence 4flj+ 5^=93 ; (ii) 
adding &c. gives »+y=21, subtracting: «— y=3. 

14. Let a;=price of the 3 per cents, ^=that of the 3^. 

?^ cents at £3+?^ cents at £3^=^211^ ; 
X y 

^ cents at £3- ^ cents at £S^^£i. 
X y 
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. r\ 24000 ,46200 q-^ \ 

• • W + =845 I 

X y f Mult, (u) by 3, 

(ii) 13200 _ 15400 _2 ' 1 Mid then add (i). 
X y ) 

r 

15. Suppose X men, ^ women. 

/. aJ=H(y-4), or 2aj-3y=-12; (i) 
«+4=1^3/, or3aj-4y=-12. (ii) 

16. Let x=:iike tens digit, y the units ; •*• the valne of the 

nnmber =102; + y, 

10aj+y-3=6(a5+y), or 4aj-5y=3 ; (i) 

whence it appears that x is the greater digit ; 
«+2/=6(aj— 2/)> or 5aj— 7y=0. (ii) 

17. Denoting the tens digit by Xy and the units by y^ the 

value of the numbers 10a; +1/, and that of the number 
inverted=10y+aj; hence 

10x+y _^^ ^j. 6a._3y3=o, or 2»-y=0 ; (i) 

10y+a;+12 ^3^ or 7x-2y=12. (ii) 
x+y 

18. Denoting the hundreds by », the tens and units each by 

y, we have 

(i) (100y + 10y+«)-2(100aj+10y+y)=42; 
(ii) (lOOy+lOy+aj)- (1002^+10«+y)=27. 

From (i) : 88i/-199aj=42; from (ii) : y=aj+3 ; 
.-. 88(a+3)-199aj=42. 

19. Suppose, at first, Sx women at 2^ pence ; /. 4a; men at 

3y pence ; and the whole reckoning = 6xy + 12Qcy = 18«y . 
Now (4aj— 1) men at3£?. + (3aj— 1) women at2cZ.=85cZ. 

.-. 12aj— 3+6aj— 2=85; whence aj=5; 

/, 18«y=90y pence, the reckoning ; 

(32/4-3) X 19 + (22/+2)xl4=90y; whence y=:17. 



• • 



• • 
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20. Let X and 80— a; denote the parts of 80, and let y and 

90— y denote those of 90. 
(i) aj+y=100; whence y=100 —». 
(ii) (80-«)-(90-y)=30; 

(80 - ») - (90 - 100 + «) = 30; whence « =: 30 ; 
80-«=50: 
or (ii) (90-y)-(80-»)=:30; 

/. (90 - 100 + aj) — (80 - aj) = 30 ; whence « = 60; 
80-«=20. 

21. Jjet a;=nmnber of games A won at 2«. each, i/s=number 

he lost at 3^. each ; /• 2a;— 3^=3. (i) 
In the 2nd case : 6(y+l)-2(aj-l)=30; 
.-. 2aj-.5y=-23. (ii) 

22. Denote the digits by «, y^ and 2a;; the value of the 

number is 100aj+10y+2aj, or 102a5+10y. 
.% (i) (102a;+10y)-f.(3a;+y)=22; ory=3a;; 
(ii) (10235+ 10y)-!-2ajy=ll; or 61a5+52/=lla5y. 
(ii) by substitution becomes 51a; +15a;= 33a;'; /.a;s=:2. 

23. Let X shillings=the Ist-class fare, /• ^(4a;— 3)=the 

2nd-cla6S fare ; also, if i/=the original no. of Ist-class 
passengers, y+ 40= that of 2nd ditto. Now, rating the 
additional passengers at half-price, we have 
5a.+ ^j3(4,a._3)-|of 885, 

or 25aj+.52a;-39=885; whence a;=12 shill., the 1st. 
class &re, and ^(40— 3) =9 shill., the 2nd ditto. Ac« 
cordingly, the amount paid at first was 12i/+9(t^-h4^) 
=885 ; whence y=25 ; and the whole no. of passen- 
gers = 2y + 40=90. 

24. Sui5pose x measures=size of a bale, y such measures=size 

of a cask ; •% size of the caye=13a;+33y=3(5a;+9y) ; 
whence y =^a; ; and, first, by substituting for y, we find 
that the care could hold 13a;+ll;p, or 24 bales; se- 
condly, substituting for a;, we obtain 39y+33y, or 
72 casks. 
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25. Let a;s=no, of days for A by himself, y for B^ z for ; 

then A can do - of the whole per day, JB -, - ; and 

a; y z 

we have (i) -+-=—, (ii) --f— =— , 
a? y 12 y » 15 

(iii) — (i) gives «=60; and (ii) becomes — |-o7;=Te> 
/. 2/ =30. 

26. Suppose he could row x miles per hour in still water, and 

that the stream flows at the rate of y miles per hour. 
He goes down the stream at the rate of oj+y miles per 
hour, and up at the rate of 05—3/ ; 

•'• W;S;+/^=^^5 (") K'»+2')=i(«-y)- 

05 + ?/ «— y 



From(ii)-5 ^=0 ^ 

a+y x—y 

from (i) 1 =1 



«+y 



^=1; 



/. aj+y=5, and »— y=3J; and hence 20-5-5=4 hrs. 
going; 20 -f- 3^=6 hrs. returning. 

27. Suppose X shill. per quarter, y shill. per barrel, 
(i) 18«=fg^ of 25y ; (ii) 16y-llaj=4. 
From (i): 9«— 13y=4; &c. 

28. Denoting the tens by a;, and the units by y, the value of 

the number=10aj+y, and that of the inverted number 
=10y+aj; .% aj+y+-^^(10aj + y) = 10y + « ; whence 

•*• value of no.=16y, difference of digits=^, and pro- 
duct of digits = l^y^ ; hence the fraction required 
_ Uy« __3 
16yxiy^"* 
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29. Suppose X pounds inyested in the 4 per Cents, y pounds 

in the 4^ per Cents. 

Income from the first =4 x s^'^kt^ ; 

ooj 345 

„ „ second=4ix^=|; 

hence ^=|f. or 116a!-115y=0. (i) 

X 24a: 

Proceeds obtained by selling out=Q^ x 90=:-^^ ; 

hence ^-40=y, or 24aj-232/=920. (ii) I 

• 

From (ii) x 5 subtract (i). 

30. Suppose A had x shill. at first, and B y shill. ; then, since 

the three had 3 times 24 shill., had at first 72—x-^y 
shill. 

At the end of the Ist game, A (having lost 72—9;) had 
2a;-72, B had 2y, and 144-2a;~2y. At the end of 
the 2nd game, A had 4a;— 144, and B (haying lost 
72— 2y) had 4y — 72; which sums, by the question, 
were half as much as they had at the end of the 
3rd game. 

/. (i) 4aj-144=12; (ii) 4y-72=.12. 



Ex. 60. 

2. [pcT^y . x'*y . x^y''^) ^^ypT^x^y^y^y z=\pr^yy =&c. 
{x^y^*x^y*y^y =:{x%^yz=&G. 
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/ ^li4_l -i -1\12 / 13 13 13\12 

3. \xY^^y^ «^« ^y ^ « *;^^=(a ' y ^ «^ V^= Ac. ; 

Ex. 53. 

1. Let>/(4+2>/3)=>/aj + >/y (i); /. >/(4-2>/8) 

= >/«— A/y (ii); 

(i) sqnared gives 4+2V3=aj+y+2>/ajy ; /. x+y=^4i; 
(i) X (ii) gives >/(16— 12)=aj— y ; .*, »— y=2 ; 
whence aj=3, y=l ; and \/aj+ >/y=>/3 + l. 

2. Let n/ (11 + 6 ^/2)=^/aJ+^/y (i); A >v/(ll-6v/2) 

= y/x—y/y (ii); 

(i) squared gives 11 + 6 \/2=ra5+y + 2 Vasy ; /. aj+y=ll ; 
• (i)x(ii) gives N/(121-72)=aj-y ; .\ x-y=7 ; &c. 

3. Let A/(8-2>/16)=x/aj->/y (i) ; then >/(8+2n/16) 

= A/»+i/y (ii); 

(i) squared gives 8— 2>/15=aj+y— 2>/ajy ; /, a5+y=8 ; 
(i)x(ii) gives >/(64— 60)=aj— y ; •% »— y=2; Ac. 

4. Let a/(38— 12>/10)=>/aj— >/y (i). We may now pro- 

ceed as in the last example ; or we may determine the 
root as follows : 

Squaring gives 38— 12>/10=aj+y— 2 V^ ; 

/. aj+y=:38 (i) ; and 2-v/5y=12>/10, or ay=360 (ii) ; 

subtracting 4 times (ii) from the square of (i) gives 
(»— y)*^4; Ac. 

6. Boot required= Vi(9-4>/5)=i-v/(9-4>/5). 

7. Boot required=>/^(89-12v/3)=&c. 



8. Boot required = >/Tj:f(137-48>/2)=&c. 

b2 
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9. Let >/(17+12>/2)=v'aj+v'y; 

Bqnarmg gives 17+12 ^2=sij+y+2>/^ ; 
/. aj+y=17 ; and 2v'«y=12>/2, or a!y==72. 

Put aj = 8J+2j, then y = 8J-z, and ajy=72i-««=72 ; 

• • *^2 > 

whence aj=9, y=8, and ^/aJ+^/y=3+2^/2. 

Now let >/(3+2-v/2) = >/«+v't;; /. 3+2>/2 

=w+^?+2^/f*^7 ; 
whence tt+t?=3, and 2'v/tM;=2>/2, or tM;=:2. 

Put tt=li+«7, then t7=l^— w, and i*t;=2J— W7*=2 ; 
.•. 1(7=^; whence tt=2, t;=l, and v'«+ v'v=>/2+l. 

11. >/i(6>/5+14) wfll befoimd=i(3+v'5)=i(6+2-v/6); 
and the square root of this=:^(^/5+l). 



12. N/^(769-hl84>/15) wiU.be found=i(23+4>/16), and 
the square root of this=t(>/20+ v'3)=v'5+i>/3. 

Ex. 54. 

1. Squaring gives 5aj + 10 = 5aj + 4>/ 5i + 4 ; /, 4>/ 55 

=10-4; &c. 

2. >/aj- — — =>/a+aj. Squaring, &c., gives -^=v' a +2. 

3. N/&(a+a;)=>/aj(l->/fe) ; /. fe(a4-a5)=aj(l+&-2>/6); 
or a&=aj(l— fi>/6). 

4. 6aj+aj*=l + 2aj+aj«; .% (6-2)aj=l. 



5. 4^17aj-26=3(f|-|)=2; .% 17aj-26=8. 

6. a+aj-6 = sja^ + ««; /• a« + »« + 2aa;-26a;-2a6+fe» 

=aH«*; 
or (2a-26>=fe(2a-fe). 



7. a; — a=a;+>/6+aj; /. 6+aj=a*; <fcc. 
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8. \/a+ \/aJ=>/«H-2>/(aaj+a*) ; 

/. a+»+2'v/aaj=aj-|-2's/(aaj + a^) ; 
hence a^ + 4a- \/aaj + 4aaj=4aaj + 4a* ; 
•*• 4>/aa;^3a, and aa;=y^ga*; &c. 

9. (a-6)+aj=>/2aaj+aj2; 

/. (a-6)H2(a— 6)«+aj2=2aaj+aJ^; /. 2&aj=(a— Z))*. 

10. (6-a)-aj=>/a*+6aj+aj"; 

/. (fe-a)2-2(fe-a)aj+aj2=a2 + &«+aj*; 
62 - 2a6 = 36jj - 2aaj= (36 - 2a)aj. 

Ex. 55. 

6. Mnlt. \yij 12aj»: then 9-2==28aj», 
6. Mult, by 7aj: then 66ajH49=65aj^ 

9. Dividing nnm" by den": 3 — r^+4+-2^=7 ; 



• • 



^ -=^^; or3ajH9=2ajH18. 



aj24.3 aj2+9 



,, 10a?g4-17-10a?H8 _ 12a;g+2 . 12a;*+2 _a^- 
18 ""llaj2-8' '•llaj2-2""^' 

<>^ 1+^^T^=1+A; 77««-66=18a52+180. 
10 r4a;Hl6-14a;« 2«« + 8 . ajH4 . 



13. 



1 1 OJ 

»+>/(2-aj«)"^aj->/(8-a5a)^2 ' 



j4 2N/(^'~a^^) ^^ ..^ a«-a5«=ia«, or aj«=^'x3; &c. 
SB* aj* 4 
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hence a«(c-d)«-5«(c+dO* = ajH(c+<i)^+(c-d)«} 

16. a;>/(a*+aj*)+a*+i»*=^,oraj's/(a*+a;^)=(n— l)a'— as' 

hence aj^s=(w— l)*a^ — 2(w— !)»*, 
or (2w— l)a5^=(»— l)'a*; Ac. 

* 

Ex. 69. 

.-. aj2+9a.= _i3^. whence »+f=±5^; &c. 
12. Mult, by 6aj: then 2ajH44aj-24=27aj»-18aj. 

1.3^1 8 . 17-4aj 8 



5«a. 4^""aj+2' •* a;2-9aj-h20"aj+2 ' 
9aj-4»«4-34=8aj«— 72»+160; or 4aj*— 27aj=-42. 

15. 6(ajH»*+2»+l)=13(aj2+aj); /. «2^aj==6. 

16. -?r4=?^J; .-. 2a;2-llaj-6=«2-6a;+8. 
2aj+l aj— 2 

17. 1 ^ + 2+-^=3+ 7-837 



aj— 5 ' aj+4 a;+l' **aj+4 «— 5 aj+1' 

or -r — "^ = — - ; whence aj*+20aj*=44. 
a;^ — a? — 20 aj+1 

1ft ^+3 «-7_6»-14 
2aj-l"^aj+l""3aj-4 ' 

or l+_i_.+ l ^=2 



1 1 



2a;-l aj+1 3aj-4 ' 

2^3 4 12aj-ll 4 



2aj-1^3aj-4 a; + l' 6aj2-llaj+4 aj+1' 
.% 12aj«+«-ll=24a;«-44aj+16; hence 4aj«-15«=-9. 
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15a 
19. Mnlt. by 12a: iihen4a«+16a«=4aj2; /. »« — ^»=^*; ^c. 

4a— 6m 4a— 6m* 

/. 2aj2— (3m-2a)a;=4a«-m«; 

hence 4aj*-2(3m-2a)aj+i(3m— 2a)« 
=J(w2-12am+36a*); 

/. 2aj-t(3m-2a)=±i(m-6a) ; Ac. 

6 6 1 1 a 2aj ^_a » 

a a ci^ or 

m^ m 
J tyt3_it^ m^-2m^n»+tt* _ w>^ + 2m%'+t^* . ^ 
•'•* ""^AT*"^ 4^%2 4m%« 

23. 36aj«-25afe=30(a-6)aj-6a«-12a6-66«; 
or 36aj«-30(a-&)a;=-6a2 + 13a&-66*; 

.% 36aj«-30(a-6)aj+ {2i(a-6)}*=ia«+ia6+i&^ 
and hence 6aj-2i(a-6)=±i(flt+&)- 

24, 8«2+8a*+8a6+35aj=20aaj+76aj; 
.% aj^+a*+a&=2iaaj+i&»; 

/. »«-i(5a+6>p+Tiff(5a+&)2=A(9a2-6a6+62). 

Ex. 60 

1^ 2»+6-aj+l=f(iB* + 2aj-3); or 8(aj+7) = 3«« + 6aj-9; 
or 3»*— 2aj=66 ; <fcc. 

2. 48aj+480-166jB-495=-6aj«-66aj-150; 
or 6»*— 52aj=— 136; &c. 
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3. 14--a;= , ""io^ > hence 3aj*—64«=:— 246; Ac. 

4. 6* -14+^^=^= (7a!; .'. &)«-20a!=(a;+5)(a!+14); 

5. _§?^ +^1:15=26; or 6+-?i.+6+^=26 ; 
aj— 4 SB— 3 «— 4 a?— 3 

- -?i.+^=13; hence 13««-118»=- 240; Ac. 
a?— 4 aj— 3 



• • 



6. 4a;+18 + ^^'"^^ =54H-3a;-16; 

4aj+o 

or(20-aj)(4B+3)=72aj-64; Ac. 

7. i^-^=4; or 10-^-3-^=4; 
aj+4 2aj-3 ' aj+4 2aj-3 ' 






^ f-A_^=3; hence86aj-100=(3»+12)(2aj-3). 



aj+4 2aj-3 



8. ^5^^=|:i?; whence 10aj«+57aj=261; Ac. 
171 3+aj 



Ex. 61. 

1. (aj-7)(aj+3)=iO. 

2. («-f)(aj4-f)=0; or(3aJ-2)(2aj+3)=0. 

3. (aj-3)(aj+3)(aj-|)(aj+|)=0; or (aj«-9)(16«»:-9)=:0. 

4. aj(«-l)(a;-2)(aj-3)=0; or (a;«-aj)(aj2-6aj+6)=0. 

5. ir(aj+i)(aj-li)(aj+l)=0; or (aj«+aj)(2aj+l)(2aJ-a)=0. 

6. aj(aj+l)(aj-2)(aj+2)(aj-i)=0; 
or (aj«+»)(aj8-4)(4aj-l)=0. 

Ex. 62. 

1. (i) 3(8»+5y)+5(4aj-3y)r=203; whence «5=7 
(ii) now becomes 147+2y*=179. 
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2. From (ii), «* + 2ajy + y^ = 1 ; subtracting (i) gives 

2ajy=-245 
.*, «*— 2ajy+y^=49; whence aj—y=i: 7 ; Ac. 

OtK&naisex put aj=^-|-i;, /. y=J— i;; ,% a:^+y^=J+2i;* 
=25; .% 2t;2=s24J; whence f;=3i. 

3. From (i): 9*2 +92/* =225; from (ii) 9aj«=(24-4y)«; 
.% (24— 4ry)*+ 9^^=225 ; whence y can be found. 

4. From(i): aj«-2a;y+y*= 30^; 

from (ii) : 4ajy = 80 ; 

««+2ajy+y2=110i; .% »+y=10i; &c. 

5. (i) : aj+y= — ; by which divide (ii), then »— y=^ ; 

/, 2aj= — hi; whence »= ±6. 
fls o 

6. Assume »=«+!, .% y=»— 1. Accordingly, »*— y*=4», 

anda^=2'— 1; 

hence (ii) becomes 15x4«=16(»*— 1), or.4»*— 15a=4; 
whence »=4, or — ^. 

7. From(u): y=»-2;henbe,by(i),.^^^,+4.^=V 



• • 



aj-2 * • aj-2 



8. From(i): 14aj-9y=6; whence y=|(7aj- 3), 

and y^=A(?»-3)«. 

From (ii) : 4aj»-.8y«=-12; whence y*=|(«*+3) ; 
.% (7aj^3)2=27(aj2+3), or ltaj«-21aj=36. 

9. (ii)-i-(i): aj«-aj2/+y'=12; from (i) : «*+2ajy+y«=36 

4% 3a^=24, and fl^=8; subtract this from (i), then 
aj-.y=±2. 
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Otherwise: (x-\-yy=x^+y^ -I- Sxy(x+y)ss:216 ; 
by substitution : 72 + 3a}y x 6=216 ; <fcc. 

Orthusi putaj=3i-2, /. y=3— «; 

then ««+y3=64+18«2=72 ; whence 2;=±1. 

10. (ii) gives 2x=^ ; hence (i) becomes 2y * + ^ + y =485 ; <fec. 

11. (ii)-5-(i): ajH«y+y^«19;from(i),aj2»2ajy+y2=l;&c. 

Ofherwise: (aj— y)^=*'— y^— 3ajy(«— y); substitnte now 
as in the 9th example. 

Or thus: pntaj=J(2j+l), .% y=K«— 1) ; 
hence aj3-y»=^(62H2)=19; &c. 

12. (i): aj3+y«==189; (ii) x+y^zlSO^ayy; 
(i)^(ii): aj2-ajy+2/»=21aj2/-*-20. 

From (ii): aj*+2ajy+y«=324i00-^ajV; 

/. 3a«/=5?|^-^; whence «32,3=8000; 

20 20 

/. ajy=20, andy= — ; hence (ii) becomes a? H — =9. 

X X 

13. (i), y=a— SB; hence (ii), aj^+a*—2aaj+aj*=fe*; 

OP 4aj*— 4{M5s=26'— 2a*; /. 4aj*— 4aajH-a^=-26*— a*; 

whence 2aj — a= ± >/26*— a^ 

14. (i): 4a?y=4a*; (ii) »*— 2ajy + y*=6*; 



.% aj*+2ajy+y2--4^2^52^ and «+y=±>/4a*+P; &c. 

15. Assume iij=t;*, and y=«'; then (i) t;+2J=3; 
(ii) «;*-|-«'=9 ; which may be solved as no, 9. 

16. (i): x(x+y)^a*; (ii) y(«+y)=&«; .•.^=p; 

hence «±2=£!+^ ; and from (i), x* x ^=a«; 
X a* a* 

or «'= 



aH6'* 
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Ex. 63. 

1. Let X and 3aj denote the nos. ; then (3aj)*— a5*=128. 

2. Let hx and 4* denote the nos. ; then (6aj)^— (4aj)^=:81. 

3. Let 8a;=:the greater ; .*. 3a;=:the difference, and 52;=:the 

less; (8«)2 + (6a;)«=356. 

4. Let the length=aj+8 yards, .% breadth=a?— 8; 
then (aj+8)(«-8)=960. 

5. Let a; +5 and x^h yards denote the lengths ; 
(a.+5)2-|-(a5-5)2=850; or aj»=400. 

6. Suppose ^x yds. at \x shill. per yd. ; 
4aj X 9aj=324, or aj2=9. 

7. Let 12aj denote the no. ; then 4a?+3aj+2=(2aj)*. 

8. Let X and aj— 5 denote the nos. ; then a;(2aj— 6)=228. 

9. Let aj + 6 and «— 6 feet denote the sides : . 
(»+6)H(»-6)2=2120. 

10. Suppose X men in front, ib+5 in depth ; 

/« whole no. of men, «(ajH-5)=5(aj+845). 

11. If X denote the no., then (aj + 3)(aj+5)=(2aj)*— 1. , 

12. If the lengths be a; +3 and a;— 3 yards, the no. of shill. in 

the whole payment will be (aj+3)* + (aj-3)*=356. 

13. Let X and a; +5 be the nos. of sheep. Half the total cost, 

160 shill.,=aj sheep at a? +6 shill. ; /. aj*-h6aj=150. 

14. Let 7+» and 7— aj denote the nos. ; .% -r- =-7; . -z^^—x 

7+aj 16 7—0? 

Thus we have 28— 4aj=21 + 3aj, or aj=l ; 

also 28-4aj=-21-3aj, or aj=49. 

15. Let a;=:the greater, v the less : then *^=- ; 

aj-y y 

hence »*— ajy=a}y+y^ or aj^— 2ajy+y*=2y* 
.% »=y±>/2, and -=1+ v/2. 
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16. If a; +3 be the hypot., the sides are x and a)— 3; and 

(by Eucl. I. 47) we have (aj+3)*=a5«+(aj-3)«; op 
aj3— 6a5=6aj; .% aj=12. 

240 

17. Suppose x oxen bought at pounds a head ; 

8aj-3^— +8^=59; or8aj2-83aj=720. 

18. Suppose X yds. bought at ?^ shiU. per yd. 

X 

(^-12)(_4-oj=2406; orl+_=— ^; 

.% g-12+ ^^^"^^^^ =481 ; or a5H95aj-7056. 

a; 

• 19. Let «— 6 mches= width of frame ; 2(aj— 6)+18, or 2«+6, 
is the length of the rectangle composed of glass and 
frame, and 2(2;— 6) +12, or 2a;, is the width of ditto ; 

hence area of ditto 2a;(2a;+ 6)=18 x 12 x 2 ; 

.% aj'+3aj=108. 

20. Let a;=no. by A. «— 5 by Bx ,% —^—= =1 ; 

aj— o X 

hence aj(aj— 5)=:500. 

120 

21. Let X yds.=circnmf. of fore wheel ; =no. of its reve- 

al 

lutions ; 6, or "^ — = no. of revolutions by 

' a? ' ai ^ 

120iB 
hind wheels thjB circumf . of which, therefore, is 



120 -6aj 



20a> ,„ 

or -^rr yards. 



^-•^*(l^-0-*^ 



1 20-a> _. ^ 

as+1 19a!+20~^' •• 19a!»+39a!+20 ^' 

whence lliii*-39a!=20. 
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22. Suppose it cost x pounds : 

»-:r^ of »=24 ; or 100aj-aj«=2400, 
100 

23. Let « ponnds=:prime cost per yard. The profit per yard, 



in pounds, is -^^-80, or ^^ ; 



69 



100 3^100 3 6400' 

or 85!±1^= 69_ 6400aj«=900. 
300 6400' 



24. Suppose J. embarked x pounds, B 500— a;. 
2 years' profit on x pounds=297— » ; 

/. 2 years' profit on 1 pound=-(297— ») ; 

X 

2 years' profit on 500-aj pounds=^^5^=^(297-aj) 

X 

/, 5's 8 years' profit on 500— » pounds is 
500-«. 



X 



'(lX88-4aj)=297-(500-«) j 



1188 . 297 T 4 1 
4=-7-7r 1; or 



X 500-aj ' X 500-aj 99' 

whence »« - 995»= - 198000. 

25. Let x^ y, z, denote the nos. 

(i) x(y+z)=26; (ii) y(x+z)^bO; (iii) <»+2/)=56. 
(iii) — (ii): »»— ajy=6; but, (i), aj»+ajy=26 ; 

.•. xz=il6y and ajy=10 ; hence «= — , and «= — ; 

X X 

.: (ii) becomes ^(»+^) =50, or 10(»«+16)=50»». 
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26. Suppose the price of the 3 per Gentssa;, /« that of the 3^ 
per Gents=a;+12| ; also, let y ponnds^the income of 
each. 

A invested "^ pounds, and B (^±iMk==|?+20 ; 

hence 153y-2fljy =840; A ^"^ 153^ 2a; ' 
Again: (f +1855) x^=i,+72; 
hence 576* +17y =43296 ; .'. yJ^^^^l^ ; 
70 3608-48^. ^i,^^^^y2i;&o. 






163-2« 17 



27. Suppose A invests ob pounds when the price of the 3 per 
Gents is y ; his stock will be , and his income — . 

T> . i lOOaj J J. , o T.. . 300aj 

B mvests pounds, at y+3 ; /, ms mcomes 



y y(y+^y 

^lOOaj ..^K^ vH-lOO 15050 ... 
ajH =16050; or 2-J = ; (n 

y y X 

300aj 3aj qi., 600 6 175 ...v 

■=8H; or 77— ToT — =^7-5 (u) 



y(y+3) y y(y+3) y a? 

(i)-.(ii): ^^^^*^igt3}=86 ; /. y«+619y:±=49752; 

whence y=72; and from (i) aj=:1^2^5>l^=£6300. 

17a 



Ez. 64. 

2. i_?+l=9 ; .-, i=l±3. 



Key. — Quadratic Equations. 63 

3. (a!»-2)»=K»''-2 + 14); 

whence aj^— 2— ^=±y. 

4. Mult, by »2 . then 2aj+2=6^/aj, or aj—f >/«=—!. 

5. Mult, by oj^; then l + 27aj*==28aj^; oraj*-|4a:^==-l ; 
whence aj*=^±^ ; /. «*=! or ^. 

Assume aj*— 9=» : then «*— 11»=:80 ; 
whence «=16, op —5. 

7. 2aj^-10aj«+14=aj< + 6; opir*-10»«=:-.9. 

8. Assume «^=2! : then ^z\^ — 2)=9»* — 4 ; 
whence 2= ±2, or ±^. 

9. aj-i + 2aj"^ -h 6«"^ + 10=aj-* + 8 ; .*. x^ + f«"^= - 1 ; 
whence aj Sss—^^ op —2; /. aJ3 =— 2, op —J. 

10. -aj4^a53+4aj2+3aj+l=a58-a;H3aj+5; 
or 35*— 5aj*=— 4. 



11. Assume — =«: then^p-; — | — — -=J; or -^ — ==^; 



-=»: then— -+ =^; or -^--- 

.% 2^+»s=:6; whence »=2, op —3; .•. aj"=^, or — ^. 



12. aj*-Jar«=— :i. 

13. Assume (aj + 7)*=2: then »+|»*=5. 

14. 7aj«-6aj+8>/(7aj«-5a;+l)=-8; 

/. (7aj«-5aj+l) + 8V(7««-6aj+l)=-7. 
Assume A/(7aj^— 6a5+l)=»: then »2-h8«= — 7; 
whence »=— 1, op — 7. 
/. 7aj^— 6aj+l=l ; whence aj=0, or ^ ; 
also, 7aj^—5a5+ 1=4:9; whence aj= 3, op — 2f. 
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16. (lLB-2aj«+2)-14>/(llaj-2aj«+2)=-40. 

Aflsnme ^/(llaj-2a?«+2)=»: /. »»-14«s=-40; 
whence z=10, or 4; /. 11»— 2aj*+2=16 ; 

also lla;-2a!«+ 2=100. 

16. 2aj«-7aj+6+2>v/(2aj«-7aj+6)=0; 

or, by assumptioii, 2* +225=0; whence 2=0, or —2. 
Thns we have 2a;*— 7aj+6=0, and also =4. 

17.. 9aj-3»«-ll+4v'(aJ*-3aj + 5)=0; 

/. 3(a!«-3aj + 6)-4>/(a;2-a»+6)=4; 

or, by assnmptioD, 2*— ^2=f ; whence 2=2, or —f, 

/. a;*— 3aj + 6=4, or =J. 

18. l(aj2--aaj) + &=%/(i»^-a«+&*); 
a 

/. (aj2-.a4B+&«)-a>/(aj«-aaj+&*)=6*-afe5 
whence >/(aj*— aaj+6*)=a— 6, or =6; 
/. aJ«-aaJ+fe2_a2_2afe + 6^ or =6^; 
whence a;(aj— a)=0 ; /. «=0, or a; 
alsoa;2-aa;=a2-2a&; C. aj=J{a±>/a(5a-86)}. 

19. 2a;2-2aj+10>/(2aj«-6a; + 6)=3aj+33; 
(2a52-6a5-h6)+10N/(2aj«-6aj+6)=39; 
whence -v/ (2ar* - 6aj + 6) = 3, or - 13 ; &c. 

20. 4aj»-9aj-N/(4a;«-9aj+ll) = -5; 
(4a.2- 9aj + 11) - >/ (4aj2 - 9a; + 11) =6 ; 
whence >/(4aj2-9a;+ll)=3, or -2; &c. 

21. (aJ+4)(ir-4) + >/(a;+4).-^g^=12; 

•or (a,2-16) + >/(«'-16)=12; 
whence >/(«'— 16) =3, or —4; Ac. 



22 
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Put ff^j =«: .*. «*— »=—■ nr; whence «=|, OP J ; 



• • 



l-» 



M?¥? or T^ ; hence — = --^ftV, or - 



23. Squaring: aj*-14a3H49=aj«-42aj+89; 
or aj*-6aj«-8a;H9+40=aj«-42a5+89 ; 

.% aj*-6a;*+9==9««— 42aj+49; 

thatifl, (aj»-3)»=(3«-7)«; .% aj«-3=±(3aj-7); 

from aj^ — 3=— 3aj+ 7 we have aj=2, or —6 ; 

from aj2-3=3aj-7 we have aj=:J(3±N/^^). 

24. Mnlt. by 2»« : then »« + 126aj=441 + 98aj* - 2392aj« ; 
:. a;«-98ajH2401aj2=9aj«-126aj+441; 

that is, «2(aja-49)a=:(3aj-21)2; 
hence aj(aj«-49) = ±3(aj-7). 

Each side is divisible by «— 7 ; .*. «— 7=0, or aj=7 ; 
also, the division gives x{x-\- 7)=:t:3 ; d^c. 

Ex.65. 

whence ajH — ^2, or —3. 

First, aj2-2«=-l; /. aj-l=±0; hence =1 + or 1-0 : 
two equal roots. 

Secondly, aj*+3aj= — 1 ; whence «=J(— 3±>/5). 

2. 3aj«-15aj-4>/(aj«-6aj-h6)=-16^; 
3(iB»-5flj+6)-4>/(a;«-5aj+6)=-l. 
Put >/(a;^ — 5aj + 5)=2J, which will be found=l, or ^ ; &c. 

p 



66 Key. — Quadratic Equations. 

whence x — =0, or — 1 ; Ac. 

X 

4!. Since 1 is obyioTisly one of the roots, divide by se » 1 : then 

X x^ 
hence (»*+2+i) + ^«+i)=l ; 

Ac. 

5. aj'+l=p(aj+l). Since each side is divisible by «+l, 

we have aj+l=0, or «=— 1. 

The division gives aj^— aj+l==i? ; 
.: aj»-aj+i=:i(4p-3); &c. 

6. (2aj»-2aj2) + (»«-l)=:0; or 

2aj2(aj-l) + (»+l)(»-l)=0; /. »-l=0, or«=l; 
also 2aj'+aj+l=0; &c. 

7. [See (147), Ex. 4] Cubing gives 



(1 + 2») + (1 - 2aj) + 3i?/c(l - 4a?) =c ; 
hence 2+33'c(l-4aj5»)=c; or 3?/c(l-4a;'»)=c-2; 

/. 27c(l-4aj2)=(c-2)a; and .% 4g«=l- ^^"^^^ 

8. (»*+l)+i?a;(aj+l)=:0. This being divisible by aj+1, 
we have aj+l=0, or a5= — 1. 

The division gives aj^— a? +l+i?»=0; or 

x^ — (1 — jp)aj= — 1. 
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9. (w2 + !)»« - 4rMM5= - (»« + 1) (a* - c«) ; 






^2 + 1 ' (^2^1)2 

10. 36aj-3*6»»-19aj2-36aj+36=0: a recurring equation. 

Divide by »« : then 36aj«-36»-19-?^+~=0 ; 

X x^ 

.,(36.«+g)-(36«+f)=19; ^ 
hence UQz*+n+^-QUxJ^-\=9\. 

Put ^•\ — =«, wluch will be found ==13, or — 7 ; 

a; 

hence we have 6aj^— 13aj=— 6 ; also 6aj^+7«=— 6. 

11. aj*-l=3a;(aj2-l); /.«»- 1=0; also aj« + l=3aj. 

12. aj»-<B=2(aj+l) ; .% aj + l=0; also aj(aj-l)=2. 

13. Assume aj=2« : then ««-l=2/^l+i^ ; 

21(22^^=2(25+1). Divide by a+1 : 
2(2— i)=2 ; whence «=s2, or —1 ; 
also, 2+1=0 gives 2= — 1. 

14. Divide by 4^ (l-aJ)^ then 

, V(l-^:)'-•=^7(^='</B'-""** 

write*: 
then**— 1=»; whence «=J>/(l±>/5) ; 
/. «i»=^(16±8n/5)=2±v'5; 

hence 1±?=2±^^ . • ^=l±i^ 

Mult, numerator and denominator by 3+>/5 

then -2±2>/5 ^^(_i±^5)^a;. 
y — o 

F 2 
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15. aa;— 3wa;+w^-2^/wa^/(i^+a«)=0; 
( w + flWJ) + 2 >/ waj >/ (w + oflj) =: 3«aj ; 

/• ^/w+aa;+^/waJ=±2^/?laJ; 

hence \/w+aaj= >/%«, and =— S-v/wa ; 

thus we liave n+aa;=724B, and also =i^na;. 

16. a;(>/aj— V^) — a(>/aj+\/5)=5(\/aj— \/6) ; 
.-. a(>/a;+>/5)=(aj— &)(>/»- n/6); 

this is divisible by s/xAr >/& ; /. >/«+ V ^=0, or a5=s6 ; 
the division gives a=(>/aj— >/&)*=«— 2 >/6»+ ft; 
••. «— 2's/5N/aj=a— 5; hence \/aj— >/6=±\/a. 

17. »'— l = 2paj(aj— 1). Here the factor a?— 1=0, or aj=l ; 
also g?-\-x + 1"=22WJ ; or o^ + (1 — 2j?)aj= — 1 ; Ac. 

18. aj^+l-3(aj8-aj)=|aj2; ••. «'+i-3/'aj-l)=|; 
(...2+i,).3(.+l) = .V; 

whence ajH — =2^, or f ; Ac. 

19. a;2-A=:yj or9iB3-4=13«; ,% 9aj8-9«=4aj+4. 

Here we have a factor, aj + 1 = ; ,*. aj= — 1 ; 
also a;(aj— 1)=| ; &c. 

20. aj»2_i^o=(aj« + l)(««-l)=(«*+l)(aJ*-«Hl) 

= (aj2-l)(iB<+aj» + l). 

Put each factor =0, and derive x from each equation. 

21. (a^+l)-K»»-a')=5«»; A («''+^)-i('«-^)=^; 
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22. Assnnimg, for convenience, y^=:x, m^=a^ w^=6, we have 
y* + m' + 3mny =»' ; or y^+ m^^=n^ — Smny ; 

that is, (y+my — 3my(y+m)=:w'— 3miiy; 
hence (y+m)'— w'=3my{(y+wi-)— w}. 

This is divisible by (y +m) — w ; so that we have 
y+w— ns=0 ; or y=w— m is one value of y. 

The division gives (y +my +n(y -{-m) +n^=s Smyf 
or y* — (wi— w)y=— m^— mw— 71^ ; 

whence y =i {m — w± (w + ») >/— 3} ; 

Also, we had y=fi— m; /. y^=(n— m)'; 
that is, aj=(&*-a^)3. 

23. -aj*+2»»+9+N/(»«+9)=0; 

or (aj2 + 9) + N/(aj2+9)=aj*-aj^ 
whence V(«*+9)+i=±(a;2-^) ; 

or V(«'+9)=aj^— 1, and also =— a?^; 
thns we have aj*+9=aj*— 2a5*+l ; also aj^+9=aj*. 

24 4Ba+12ajN/(l+«)+9(l+aj)=36(l+aj); 
.% 2»+3^/(l+aJ)=±6^/(l+aJ). 
Thns we have 4aj^=9(l+aj), and also =81(1 4-aj). 

26. (ajH2«+l)-8(aj + l)N/aj=-16aj; 
or (aj+l)»-8(aj+l)N/»+16aj=0; 
hence aj+1— 4\/aj=0; .% aj2+2aj+l=16a5; &c. 

26. aj*-4af«+l=ll(««+»N/2-l). 

This is divisible by »*+«>/ 2—1 ; 
therefore aj^+aj>/2 — 1=0; 
whence a5=i(±6— V2). 

The division gives aj^— aj>/2— 1=11 ; 
/. aj2-ajN/2+i=12i; 
whence «— i>/2=±f >/2. 



• • 
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27. By (88) : v^^ »'<^ +(«»-«) 
. a? _ n^fl^'+2?t%(a?— a) + (a;— q)^ 

hence g-t^'^+^^""^»'; 

.\ 4»V -4n«aa?=n*a2 + 2n^ax - 2w«a2 + »^ - 2(mj + a* ; 
(4ri2-l)a;a-2(3n2-l)flaj=(n2-l)V ; 

4^2-1 4ri2-l (2n+l)(2w-l) 

=5CL±!0!, and also =^^1-^)^ 
l + 2fi ' 1^2n 

28. a(l-4aj+6aj«-4aj»+aj*)=l+«*; 

or (a-l)(a;* + l)-4a(aj3+a5)=:-6aaj2; 

\ a;V a— 1\ «/ a— 1 

hence suH — = — "" \ \ =«, suppose. 
a; a — 1 

.% »*— !>«=— 1; Ac. 

29. iiy(b8): -— — ^--— ==-— . or .} ^ <— T— .? 

\/ \ar — aj**^ c^aj' vvfl^ — a^y c— a? 

, a+« c*4-2caj+aj' . i. qq « 2caj 
a— aj c^ — 2caj+aj* a c^+aj^ 

This divides by a;, and /. a;=0 is one value. 
The division gives c^+a!'s2ao; &o. 
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30. By (88): ^=^^^=(15)'; 

again, by (88) : — __=^.j^-^; . . __=^-j_^ ; 

a (1+6)*' V (l+c)V 

Qi Ti.o^ /'«fi^ . aai+l _ 6V+2 , 






&V+4 
46«aj ' 



/. 52(4a-6«>a=* ; whence «=±?>/(4i-6«). 

32. From(i): flj«+y*=25-2ajy: 

also, aj*+y^=625-4ajy(aj«+y*)-6ajV; 

.% 97=625 — 4a;y(26— 2ajy) — 6a5*y' ; whence ajy =6, or 44 ; 

hence 4a^=36, or 176, subtracted from the square of (1), 

gives aj^— 2ajy+y*=l, or —161 ; 
/. aj— y=:±l, or ±>/— 151; Ac. 

Or i^w«: put aj=^(5 + «), y=i(6— «) ; 
.-. aj*+/=K625 + 1502;«+«*)=97; 
whence »s=±l, or ±/\/ — 151. 

33. From (i) : 9^-\-y^^4i^-\-2xy', 

also, aj*+2^=16+4ajy(aj2+y2)_e3.Y_272 ; 
/. 256=4ajy(4+2ajy)— 6ajy ; whence a^. 

Or tJms: putaj=»+l, /. y=»— 1; Ac, as in the 32nd 
example. 

34 Divide (i) by (ii), and subtract from the 4th power 
of (ii) ; 

then 5ajy(aj^+fljyH-y*)=6*— ^=5a!y(62— ajy); whenceajy. 

Or thus I putaj=^(& + «), /. y^\(Jb-z)\ 
/.aj«4.y«=^(6«+106V+56«*)=a*; Ac. 



^2 Key, — Quadratic Equations. 

(i)-(ii):i±2=f; .•.y=A. 

From (i), by sabstitntion : ^^^^^^,^—^:=.^ ; 

.-. 169(1 -««)+ 144= 72(1 -aj); or 169»2-72aj=241; 
wbence «== —1, or ^\. 

36. From (i) : »V=<3t«(aj»+2ajy +y«)=6«(»«+y') ; 
whence g»+y^=— ^^ . ajy=^. 

This divides by ajy ; wbence we have aj=0, y=0 ; 
and the division fives aw= — ^ — r^. 

From (i): aj+y=--5^^; (J) 

from (ii) : a,«+y8=^-^-A_ ; 

hence a?«--2a^+y«= f^^' ^ . (2a>-63) ; 



Now J {(-4) ±(5)} will give x and y» 

37. Sqnaring gives -^+?±2+2=4. 
Mnlt. by =2 : then «* + 1=22 ; 

whence 0=1= : /. w=2aj: 

from (ii) : aj^— 1«=27; whence a5=6, or — 4J. 



Key. — Quadratic Equations, 71 

38. In (i) put y=^vx : then 3aj»+4i;V=7vaJ* ; 

•^ 4i;*^— 7v=— 3 ; whence t;=l, or | ; and y=aj, or foj. 

3 3 

(ii) becomes, first, aj^-faj^=aj^; whence jb=0, y=0. 
(ii) becomes, secondly, aj*-| of ^2— |a.t . or i«^=^' ; 
or 2aj^=aj^ ; /. 4aj'=a5^ ; whence aj=4, y=3. 

39. (i) aj*(»*+y^)=208; 

(ii) y*(aj*+/)=1053. 

(i)H-(ii) : aj*-i-2/*=16-h81 ; /. ^aj-5-Vy=2H-*3 ; 
and aj-T-3/=8-h27 ; .% y=V«- 

From (i): aj^(aj*+faJ^) = ^^»^=208 ; /. »2=64 

40. f4+^+2/Vr-+^y)=20' .%?+>/y=4,or.6. 

\y* >/y J \y J y 

3 3 

First, x+y^=4nf ; .•. from (ii) : y^=8; hence y^4i. 

Secondly, aj+y^=-6z/; /. from (ii) : y^+9y-8=0; 

divide by y*+l : then y +8y^-8=0 ; 

whence y = 40±16>/6 = 8(6±2>/6) ; also y^=-l, or 
y=l. 

41. ^i:i^=^; or^-=if=-^,; (i) 
^-y^ ^x-y . ^^ (ip«+y^)(a?4-y) _^ ^i^x 

By multiplication : £±2=:?z:£ ; or y(aj+y)=»(»-y) ; 
" X* xy 

/. «*— 2ajy+y^=2y^; whence aj—y= ±y>/ 2; 
or « = y(l±>/2); .-. aj2=y2(3±^2), and ar» + y2 
=2y«(2±>/2). 



74 Key. — Quadratic Equations. 

From(ii): V(2±N/2)(2±v^2)y==y«(3±2v^2) ; 

or y»(12±8V2)=y«(3±2^/2) ; 

••. y=0, or i ; and .-. aj=0, or J(l±v^2). 

42. (i) aj«+y«=a«-ay; (ii) aJ+y=6-^/^. 
(ii) squared gives a!*+y*=5*— 25^/^— ajy ; 

/. ft*— 2^>/ajy = a*; also v^ajy=— — ^ ; and aw 

25 

_ ft^>-2a«6Hg* 

From(ii): («+y)*=/^-±^y;fix)mwHchsubfcract4By; 

then »«-2a!y+y«=:^{l0aV-3(a^+ft*}; 

thus we have a-y=±^^/{10a«6«-3(a*+ft*)}, 

and a?+y= ^ - ; whence x and y. 

43. (i) X (li) gives (ajy)*»+»=a*»6*"aZ ; 
(O-^(ii) gives (ajy-i)«-«=a2->;^ 



/. ajy=(a2»»&««cdJ)«+«^ and ajy-^^CaX-i)"-*. 



m -«. 1 



( — n m ^ 1 



Key. — Quadratic Equations, 75 

^ (i) ^/«^->/y ^^ (ii) ^±2=^2. 

From rn >/^- ^ + >/^ . . a_l±2N/£+» . 

«-y 2>/« 2>/2aj 

hence «-2n/S+2=1; /. Vaj=: -v/2±l. 

=(>/2-l)»; 
whence -^J^ =8 >/2-l, or y=l; also ,j^_Y^i 
=(^2-l)»,ory=(^/2-iy. 
46. (i) ay— &aj=*^; (ii) aa?— &y=aj^. 

Put y=:vx: then cwaj— 6»=v*aj^, and aaB^hvx^=x^, 

By division: ^^"" =1;^; /. &i;*— flw^ + flw;— 6=0, 

a^ov 

or &(i;*— 1)— flM;(t;*— 1)=0. This divides by v— 1 ; so 

that vssi is one value, .*• x=y, and x^a—hv becomes 

sB=sa— &=y. 

The division gives i?*+t;'+v*+t;+l— -=-(t;*+v+l)=(X 
hence v*+«?+l+-H — ?=?( v+l+- j ; 

whence ^;+i=J^| a— 6±>/(a^+2a6 + 66*) |=s:2w, sup- 
pose, 
v* + 1 s=2mv ; whence t;=m± V m'— 1 ; 
and from (ii), aj=a— 6(m±>/m*— 1) ; 
then y=:i;fl;=:A;c. 



or 



:76 Key, — Quadratic Equations, 

46. (i) (??-xy\-y*){x+y)+xy{x+y)=zlZ, 
or(a!Hy*)(a;+y)=13; 

(i) X (4) : -i^(a!* + 2a!»y + 2a!«y* + 2aiy» + y*) =i| ; 
aj y 

hence -+-= — V^, or aj^+y^= — ^^«y* 
y aj 

From (ii) Va;V= -468 ; or aj»2/3=:— 216 ; 

,% a;yi= — 6; and, fi^om (-4), aj+y=l ; &c. 

47. By addition: (aJ+y+2;)(aj+y+2)=a'+&^+c*; 
/, aj+y + «=±>/(a^ + fe* + c2). 

From (i) : a;=:a«H-±N/(a2+6^+c«) ; Ac. 
4j8. (i) X (ii) X (iii) gives x^yh^^^a^h^ ; .*. xyz^^dbc ; 
1) gives x^y^ssst — - — =:c^2j; Ac. 

49. Pnt y=«B : /. y*=u'aj^=aj« ; /. v^aj=». 

From (i): x(l+v+v^)=zl4i; from (ii) : aj«(l+i;2+t;*) 

=84; 

by division: aj(l— i;+v')=6 ; .*. ■ 2 '^^* 

.% i;=s2, or^; Ac. 

60. From (ii) : aj«=100-2(h/»+2/^ ; 
from (iii): ««=25 - 10^/2+ 1/*- 
(i) becomes 126— 2%^ +2^^=26; wbence y=3, or 
Jn/22; &c. 



Key, — Indeterminate Equations, yj 



Ex. 66. 

1. (i) a;=:37-7y-5^; cX^^t\ lieiice3/=4<+2; 
aj==i(150-68-4^x29)=23-29i; /. *=0. 
(ii) «,=60-9y-?2^; ,-2j^=!^=,. 

opy=3^-l; andaj=J(161+29-3«x29) = 60-29^; 
.% is=l, or 2. 

(iii) Pataj=16t7: /. 7i;+y=15, or y=:16 — 7v; 
hence i;=l, or 2. 

(iv) 2^=40-2a; ,^\ then — ^^ — =:2aj-3+-^; 

.-. ^=«,oraj=4+12^; 

y=Tiy(488-116-12<x29)=31-29«; /. ^=0, or 1. 

/ \ no o 3aj— 4 ., 9aj— 12 •■ , »— 4 

(v) 3/=93-3aj g— ; then — ^ — =a;-l+-^; 

hence aj=8^+4; y=80-27i; and <=0, 1, 2. 

(vi) 2/=58-a;-^; then ^i?^=2a,+?^ ; 
hence a;=7^+5 ; y=49-13^ ; and <=0, 1, 2, 3. 

o /.x 19aj— 11 1 . 6aj— 11 
2- (0 2^=— i4~' ^^^^^^ —14- ' 

then — ^ — leaves -tJ^=< ; 
14 14 

hence aj=14^+5 ; y =19^+6. We must tctke <=0. 

/..N 17aj — 1 1 • 3aj— 1 
(11) y= — 7— > leaving — ^ ; 

then — = — leaves — -—=t ; 
7 7 

hence aj=7^+5 ; y=rl7^+12. We must take ^=0. 



78 Key. — Indetertnitiate Equations. 

(i^) y== ^ y leaving —^ ; 

then ^^ leaves =^: 

hence a;=9<+4! ; 9=23^—93. We most take t^h. 
(i,)«=2^. leaving Z2+3^ 

theny-M:3^Jt3=,. 

hence y=8^+3 ; fl;=23^+ll. We mnst take ^=0. 
(V) «=^^. leaving l^g^O^ ^^ gHtg^,^ 

hence y=23<-2 ; »=:33^-l. We must take ^=1. 

f .X 555a;- 73 . „ .^„ 5a;- 7 
(^) 2^= 22 ' ^®*^^g -22~ » 

then —22— ^^^^^ "22~=^ ^ 

hence a;=22^+ 19; y=555^+476. We must take <=0, 

3. (i) Put y=3i;: /. a;+4i7=13, or a;=13— 4i;; and the 
no. of values of i;=the integral part of the quotient 
of 13-1-4, viz. 3. 

,..v 500-13t/ 1 . 4-.5y 
(u) »= g — 2, leaving —^ ; 

then 2^:1?^ leaves ^=^5 

o o 

hence ^=4— 8f ; fl;=56+13^; .% the values of i are 
0, -1, -2, -3, -4. 



/...N 405— 13i/ 1 . 6— 6t/ 
(m) «= ^ — it, leaving —y-it ; 



• \-^z^t\ hencey=il-7^; a;=56+13^; 



• • 



and the values of t are 0,-1 —2 —3,-4. 



Key, — Indeterminate Equations, 79 

(iv) «= 7" y , leaving "7^ =^; hence ^=1— 2<; 

a;=59+7^; and the no. of yaJnes of ^==the integral 
part of 69-5- 7, besides zero, viz, 9. 

3640-90y 364-9y ^^^^^ 23-9^ 
\.v; * 31 ' 31 31 ' 

then ^ — ^ leaves -^^=i ; 

hence y =6 -31*; «=100+90*; /. *=0, or -1. 

(^) .=?^§Ill^, leaving ^; then ?Il2=*; 

hence 2/=2-m; «=83+15<; 

/« *=0, and 83-f-15 gives 5 values more. 

4. Addition gives ^=3a;— 12 ; .% the least value of a; is 5 ; 
y=:3; 2;=2aj-|-y— 7=6. 

5. Given, 7aj+12y=50 : to find »+y. 

50-12y , . l-6y XI, 3-16t/, 3— t/ . 

a.:s — i, leaving — =-^ ; then — ^— ^ leaves - ,,* =* ; 

hencey=3— 7*; aj=2-|-12*; /.^ssO, only. 

6. (i) Valuing in sixpences, we have 21aj+6y=42 X 12. 

Put y=21i;: then aj-h6i;=24; /. aj=24— 5t;; 
and 24-7-5 gives 4 values of v. 

(ii) Valuing in shillings, we have 21^;+ 2^=21 x 12. 
Put 2/=21v: then »H-2v=12, or aj=12— 2t; ; 
hence, as i;=0 is inadmissible, the no. of values of v 
is (12-S-2) -1, or 5. 

7. ^+fe=i; .•.2a,+3y=25; and a,=?^, leaving 

^"^5?=«; .-. y=l— 2*, and «=ll+3*; 
hence *=0, -1, -2, —3. 



8o Key. — Indeterminate Equations. 

8. Let A give "B x half-crowns, and receive from B y groats ; 

then, valning in pence, 30aj— 4y =32 x 12; org= ^'^ — ; 

15 

/. y*^ =<; hence y = 16i— 96; x=2t; and ^ has every 
15 

positive integral valne above 6 ; .*. take ^=7. 

9. (i) If X and y denote the qnotients, the no., N^ will be 

denoted by 3aj+2=6y+3 ; 

hence aj=-2i-; /. 2y — 2+_^ or ^^=<; 

hence y=3i+l; «=5i+2; 

and taking <=.0, we have a;=2 ; /. N=dx + 2=8. 

(ii) J^=3aj+l=7y+2; hence 3»-7y=l ; /. a5=^^, 

o 

leaving 2^=^, hence y=3^—l; aj=7^-2. 
o 

Least value of i is 1; .*. aj=6 ; and j^r=3aj+l=16. 

10. 8aj+lly=300; .-. aj=Mzil2, leaving ^:^ ; then 

^^7^y leaves ^^=<; hencey=4-8^; a;=32 + lli; 
8 o 

/. <s=0, —1, —2, and we must take (^=—1, which gives 

a;=21, y=12. 

11. »+ 2/ + «=18 

and, valuing in sixpences: 6aj+2y+2j=5:40 

hence 4aj-|- y =22 ; /. 2/=22— 4d; ; 

where x may have the values 2, 3, 4, 5. 

12. Given 3aj+2=5y+4=JV: 

x^^; then i^ldl^ leaves y±l=^, 
o o o 

hence y=3^— 1; «=6^— 1 ; and ^=1, 2, 3, 4, Ac. 
^"^=385 + 2=16^—1 ; which by taking i=4 gives 69. 



Key, — Indeterminate Equations. 8i 

13. Valuing in sixpences : 21»+5y=183; /. y=l?ii:^, 

5 

leaving — -— =a^; hence a?=3— 6^; ^(=24+ 21^; 
o 

hence ^=0, or —1 ; take ^=—1, which gives iijs=8, y=3. 
14 aj+y+«=4!0; and valuing in crowns, 20a; +%+«=: 160; 
A 19»+3y=120; or .8=120-^. .^ H?-*; 

hence y=40— 19^; a5=.S^; «sb:16^; and ^=1, or 2. 

15. 7aj+6=8y+7=9is+8; A «+?2fiJ:, leaving 2±^ 

hence y=7p—l; and J^^=8y+7=56p — 1=9» + 8; 
/. 66p=9(2+l); hence |?=9<; y=63^-l; 
/. 2i/"=:8yH- 7=604^-1. Take ^=1. 

IG. X shill. for the chicken, y for a duck, z for a goose. 
We have 3aj+y— 2«=0, and ajH-2y+3»=25; 

whence 11»+ 7y=60 ; /. y=^2llll?, leaving ?^ 5 

then -^^ — leaves -—sst ; hence ar=2 — 7^ ; y =4 +llt; 
«=6— 6^; and ^=0, only. 

17. ^=2w+l=3^H-l=4«;+l=5a;+l=6y+l=72. 

Now we have here u=2w, and t;=2y ; therefore we need 
only the last four forms : 

4M;+l=5aj+l; ovw=^x; /, aj=4p; and 5a;=% becox^ies 
20p=6y ; /. jp=-fty ; hence y=10g. 

7«— 1 
6y=7«— 1 now becomes 60g'=7«— 1 ; .•, 2=^- — ~; 

60 

then 301g-43 j^^^^ ^=^=t ; hence a=43+60< ; 

taking <=:0, we have N=7z=4S x 7=301. 





82 K^. — Indeterminate Equations. 

18, 2^=23aj + 20=27^+14; .•- «=^^§^» leaving ^g^ ;, 

then ?^g^ leaTes ^^=* ; l^ence y=23«+13 ; 
/. 2^=27y + 14=23* X 27 + 365. Take <=0. 



19. 2^=19ajH-18=22t/+17=23«+16. 

22v-l 1 :^^ 3y— 1 ., 

«=— Jg— > leaving -^^ ; 

then ?^ leaves 2^^=^. ; 

/. 2/=19i)H-13; JV^=22y+17=4fl8p+303. 

Hence 23»+16=418pH-303 ; 

. 418p+287 ^^^ 4e±ll . 
• 23 23 

then ?4e±^ leaves ^^=« ; Hence 2>=23*-20 ; 
2^=418p +303=9614*- 8057. Take *=1. 



20. JV^=25aj+ 18=292/ +15=3118+ 6. 
We have a;= ^r" , leaving ^^|- ; 

then ^^^ leaves ^=i> ; .\ 2/=25i) + 7, 
25 ^o 

jy=r29t/+15=725p+218. 
Hence 31« + 6= 725i) + 218 ; 

then ^^^3+^ leaves £|^=«; tencei,=3U-28; 
y=725i}+218=22475«-20082. Take t=l. 



Key^ — Indeterminate Equations, 83 



Ex. 67. 



1, y(a«-2)=6aj+4;or2/^g±|; 



, o 15aj+12 . . 



22 



3aj-2 3«-2* 

The divlBors of 22 are 1, 2, 11, and 22 ; but 1 only is here 
suitable; /. 3iij— 2=1; &c. 

2. aj(6y+2)=3y+42; or«=^±^; 



... 5,^ 15y-f210 ^3^ 



204 



62/H-2 6y+2' 

The suitable divisors of 204 are 12, 17, 102 ; 
thus 6yH-2=12 gives y=2 ; &c. 

3. aj(3yH-l)=79-y;ora5=|?^; 



,,,3,^-3y+237^,^^ 



238 



3y+l 3yH-r 

The suitable divisors of 238 are 7 and 34 ; 
thus 32/H-l=7, and 3y+l=34. 

4. 3a52/H-3aj=4yH-14; .% y(3aj— 4)=:14-3«; 

_ -3a?+14 _ _^ 10 

The suitable divisors of 10 are 2 and 5 ; 
thus 3aj— 4=2, and 3aj— 4=6. 

5. y(»-3)=-2«H2aj+29; 



aj-3 aj-3 aj-3 

The only suitable divisor of 17 is 1 ; thus «— 3=1. 



o 2 



84 Key. — Inequalities. . 

^ aj«+4flj+4 , 5aj+4 , ^ , 9 

6. y= ., =ga!4- — -^-=aj + 6 + r- 

»— 1 «— *1 «— 1 

Here 1, 3, 9, are all suitable valaes of ai— 1. 

7. «!«+«+ 5=9y«-6a)y+!B«; .♦. a(%+l)=9y»-5; 

°'*-6y+l' ••^- 6y+l "^^^ 6y+l ' 

.-. 4B=6y-^±^=6y-H-^, ; hence 6y+l=19, 
6y+l " 6y+l 

Q 3iB*+l . o 6a)«+2 „ 3j!-2 



Ex. 68. 

1. Mult, by 12: then 3«+6+4aj<6aj-24+36; 
or 7«H-6<6ajH- 12; or 7aj<6aj+6; opaj<6. 

2. Let ~ denote the fraction : then ?+2=?L±iL^ 

y y x xy 

Now, aj«+y«>2ajy ; /. ?^±2!>2. 

wy 

3. (i) ^>i^ifa+6>M^,ora8+2a6+6«>4a6, 

2 a+o a+o ' 

or a^+h^>2ah. 

(^^^ -^^>-^^— 1^6 >l,ora«-a6 + fe»>a&, 

ora»+62>2aft. 

4-. a«+a*&^H-a22>*H-&*>a«+2a86«+6«, 



Key. — Inequalities. 85 

5. By multiplication : aj«y»= (& V + a^SP^ + (aV + IH^') ; 
but y^i? H- c?d^ > 2&C , a^, or > 2ac . ft(2 ; 

.-. «y > a V + IH^ -h 2ac . &(i ; 
that is, (a5y)*> (ac + 6c2)' ; /, ajy > ac + &^. 
Similarly, aVH-ft^(^>2ac . &c2, or >2&c . ac? ; 
.•. «y>6VH-a*(ZH26c . otZ; &c. 

6. ^^^^-^^=a'+a*6H-a&*H-6^; but we liave a>6; 

«*, a'6, a&^ 6^, each <a^ ; also a', a^&, and a&*, each >}fi\ 
hence — ^^<4a^ and >4&'. 

7. Since a«+2^>2a6, and a«+c*>2ac, and 6Hc2>2ftc, 
/. by addition, 2(a2 + 62+c2)>2(a&H-ac+ftc) ; Ac. 

8. Since a« + ft« > 2a6, .*. a^ + ah^ > 2a«&, and a% + 6* > 2a52 ; 
.% a3 + ftH a&2 + a2& > 2a&2 + ^a% ; .-. a» + &^ > a&« + a^ft . 
Similarly, a^-\'<^> a<? + a^c, and 6^ + c* > ftc^ + &*c ; 

/. 2(a» + &3 + c^) > aft2 + (h^l + ac« + a^c + &c« + &«c. 

9. Since a« + &* > 2a6, and a« + c^ > 2ac, and 6* + c^ > 2ftc ; 
multiply these respectively by c, &, and a, .and then add. 

10. (a.+ 6 + c)»=a3 + (& + c)H3a(6 + c)(a+&+c) 
=a3H-&34.c3+36c(& + c) + 3(a6+ac)(aj + 6 + c) 
—aH &* + c' + 3 (6^c + &c2 H- a^fe + a&H a^c + ac2) + 6a2KJ ; 
=a^H-6'H-c' + 3m+6a6c, suppose. 

Now, by the 9th example, w>6a&<j, .% 37?i>18a6c; 
also, by the 8th example, a^+fe^+c^>^, that is, >3aftc; 
/. a^H-&*H-c' + 3wH-6a&c>3a&c+18aftc+6a&c. 

11. (1— a)*=:l + 6a»+a*-4(a+a3); but (1-a)* is neces- 

sarily positive ; 
A l+6a«H-a*>4(a+a^). N'ow,l + a*>2a,ora4-a'>2a»; 
.•.I + 6a2+a* + (a+a')>4(a+a3)+2a2; or 

.•, adding the positive quantity (1— a*)* to the first side, 
we have, a fortiori, 2(l + a*+a*)>3(a+a'). 



86 Key. — A rithmetical Progression. 

12. (a+6— c)(a+c-6)=a«-(&-c)«, which is <««; 
(a+ft— c)(&H-c— a)=&^— (a— c)^ which is <&*; 
(aH-c-r&)(& + c— a)=:c*— (a— &)*, which is <(?\ 
hence (a+6-c)2(a+c-'&)2(6+c-a)2<a2&V. 



Ex. 70. 

1. Z=a+(n—l)(2, or79=2 + 7(n-l). 

2. s=^{2aH-(ii-l)(«}, or 1200=15(2a+14x 6). 

3. Taking 15 times the given quantities, we have a =196, 

(Z=— 10, Z=6 ; then, since Z=a+(w— 1){Z, we haCve 
6=196-10(^1-1), or ri-l=190-f-10. 

4. fi=iw{2a+(w-l)d}, or 14|^=y (2a+10x|), 
or 102=ll(7a+10), or 77a=-8. 

5. (i) a=2, Z=17, 11=6; .% for Z=a+(w— l)i we have 

17=2 + 5ti. 
(ii) a=2, i=-18,w=6; .% -18=2 + 5ci. 

6. (i) a=3, Z=9, n=ll ; /. 9=3+106?. 

(ii) a=-13, 2=3, n=9; /. 3=-13+8d[. 

7. (i) a=-7, Z=114,w=12; /. 114= -.7+ Hi. 
(ii) a=-3, Z=-|, w=10; :. -|=-3 + 96Z. 

8. «=:60, a=15, (Z= — 2: to find ii. 
60=i»{30-2(w-l)}, or 60=w(15-»+l)=16n-n«. 

9. Let aj— y, aj, and aj+y denote the progression : 

sum, 3a;=21, ^*.x^\ also, 4{»— y+a)=3(a5+a;+y). 

10. Let oj— y, aj, and aj+y denote the progression ; 
sum, 3aj=10, /. a;=3^; also, «(aj+y)=83^, 
or 3K3^+y)=33i, or 3^^=10. 

11. Let aj— 1, a;, aj+1 denote the A.P. 
/. a'(aj+l)-i=aj(aj-l). 
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12. Here a=n«— n+l,i=2; 

13. 425=iii{82-2(u-l)},orn«-42«=-425; 
whence w=17 or 25. 

Now, Z=a+(w-l)^=41-16x2=:9, 1 

or =41-24x2=-?./ 

14. This is to find the sum of 1+2 + 3+ . . . +12 ; 
(1=1, £?=:1, n=12 ; hence «=6(2+ll x 1). 

15. Here a=l, dJ=2, 7i=52 ; /. Z=l + 51 x 2=103 shill. ; 
«=26(2+51 X 2) =2704 shilL 

16. Since he will haye to go to each stone and bring it back 

to the basket, we are to find the snm of 2+4+6+ftc. 
to 100 terms ; 
«=50(4+99 X 2) =10100 yds. 

17. Let a;— ^, a;, and a^+y denote the a.p. ; /. a; =14; 
and (aj+y)*— (aj— y)*=4ajy=56y=616. 

18. Let 35- 3y, aj— y, aj+y, aj+3y denote the A.P. ; /. aj=s9 ; 
and (aj«-9y2)(aj2-y2)=(81-92/«)(81-y»)=3465 ; 

... (9-y2)(81-2/«)=385, or y*-90y«=-844. 

19. Let aj— 2y, «— y, aj, aj+y, aj+2y denote the A.P. ; /, a$=^; 
sum of sqnares=5aj*+ 10y*=^ ; or 10^^=^—^^ ; 

20. i=a+ (w— l)i, 01^ 225=a+20£?, or a=225-20i ; 
stun of 9 terms=f (2a +8i)=9(a+4d) =9(225 -16(0 ; 
sum of 2 terms=2a+£{=450— 396^ ; 

9(225 -16i)= (450 -39i)« ; or 225-166?=(150-13(0». 

21. In the 1st series, Z=3+4(w-l)=6+6(7i-l)-50. 

22. Taking m=l, 2, 3, saccessiyely, we have 5— 2m=3, 1, 

— 1, — 3, Ac. 
Sum of n terms=^{6— 2(ij— l)}=w(4— w). 
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23. Taking n first =1, and secondly =2, we have tlie \si terai 
=Ki+i)^^» ^^^ ^^ ^^^^^ o^ ^^® ^^^ ^^o terms 

=i(t+l)=if ; .•• ^'^ 2tK2term=?^=|i, and the 

31 — 7 
oomm. diff. = =1 ; hence, with a = i^, <{ = 1, 

n=8, we have l^i^-{-ly. 1=7^- 



24 Putting n=l, 2, 3, saccessively, we have the first terms 
as 11 —5 : 11 +3, or as 3 : 7 ; the sums of the first two 
terms as 11—10 : 11+6, or as 1 1 17 ; and the snms of 
first three terms as 11—15 \ 11+9, or as —4 ; 20, or 
as —1 : 5. 

Choose, therefore, 3 and 7 as first terms, and let x and y 
denote the respective common differences; then the 
sums of the first two terms are 6+ a; and 14+^, and 
those of the first three are 9+3fl$ and 21+3^, which 
are as 3+» ! 7+y. 

Hence we have 6 + » : 14 + y \\\\ 17, op 17(6 + a?) 
=14+y; (i) 

also, 3+« : 7+y :: -1 : 5, or 5(3+aj)=-7-y; (ii) 

whence «= — 5, y =3. 

Accordingly, the 6th terms of the two series whose first 
terms are 3 and 7, and comm. differences —5 ipid 3, 
are —22 and 22, which are as —1 ; 1. 



25. Here taking a positive and a negative quantity as one 
term, we have to find to m terms the sum of the serieB 

-.17_83-49-4o.,which=^{-34-16(w-l)} 
= -m(8w+9). 
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26. The wth term of 1, 4, 7, &c.=3n-2, and of 3, 5, 7, 4c. 
^2n+l ; •*• the nth term of the compound series 
=(3w— 2)(2iiH-l)=s6n^— (w+2) ; hence, taking w=l, 
2, 3, snccessivelj, the required sum will be 
S=6(12h-2»H-32+&o.)-(3+4h-5h-&c.) 

Now, to find «, the sum of Ph-2H3^+ . . . •\-n\ put 
^, JB, (7, &c. for 1, 2, 3, &c., where J5 = -4 + 1, 
0=5+1, Ac. 

0»-JB»=(JBH-l)»-J58=3JB»H-35+l 
D3-08== (O+l)8_O»=30«+3O + l 



(uH-l)8-n3 =3w*+3w+l. 

Bj addition, 
(^+l)8_^8^3(^»+B«+4c.)H-3(il+JBH-&c.)H-n; 

or 6«=2w»+67iH6w-3ii*— 37i— 2w=2w»+3n«+»; 
whence 6«— ^(»^+6w) = S=-Jn(4w*+6n— 3). 

27. The «th term of 2, 5, 8, &c. is 3»-l, A that of 2^, 6^ 8», &c. 

is (3n— 1)*=59»* — (6»— 1). Hence, as in last example, 
S=9(1«+22h-3H&c.)-(5+11 + 17h-&c.) 
=f(2ii«H-3nHw)-3»2-2n=iw(6w»+3n-l). 

28. Jkf's journey the 1st day=20-2(w-l)=22-2»; 
N'b do. do. =20+6(n-l)=15 + 5n; 
Jlf's whole journey = {44— 4»+2(n— 1)}^ 

=^(42 -2n); 
^*s whole joumey={30+10w—5(n—l)}^ 

=iti(35H-6n); 
•*. ^(77+3w)=343; whence »= 7 days. 

Ex. 73. 

1. a=2,r=-3, «=-40; .•.-.40=2.1=-^^; 

or 20=x ("^)""'^ ; or (~3)»=r81 ; 
4 

whence n obYiou8ly=4 
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I 
10 TO 

2. Let the series be denoted by ^, — , 12, 12r, 12r« ; 

.% 12r«=— , or r8=:8. 
r 

3. If 4B=the 3rd, then 16iB=the 5th, and N/?E^=±8aj 

=the 4th; A r=±2; and the sum of 1st and 2nd, 
aj±2aj=— 4; 
.•. aj=— IJ, or 4. 

4. a=10000, 2=14641, ii=5. 

10000r*=14641 ; r*=l-4641 ; hence r=l-l, or ItV- 

5 ^o^ ^^~<^' :^y2^25; .%r=±5;anda(r-l)=:12. 
ar — a 

6. (i) a=2, 2=32, ri=6 : then 2r*=32. 
(ii) a=:i, 2=128, 71=5 : then ir*=128. 

8. :r-^=3,aiida+ar=2§; .-. 3(H-r)(l-r)=2f. 
1— r 

9. -^=2, and ar=-f; /. a=2-2r=-|-; 

1—7* oT 

hence 7^— r=|; .•. r=--i, or |; and the series is 3, 
-|, I, Ac., or -1, -f, -f, &c. 

10. N/"2ixl=±li=the 2nd term ; /. r=±f-i-2i = ±f ; 

• ^ 91-1-1 fiJl . r\x^ Q1-1-* 1 7 

11, If «— y, «, and aj+y denote the 2nd, 3rd, and 4th terms, 
then the 1st term=^ ^^ ; 

X 

hence (i) (^-y)X^+y) =576 ; (ii) (aj-y>=1458 ; 



a; 



35* ai - »* fii __Ji X 



(ii)-(i) gives ^=li; .•.^=e.and^=±f; 
whence 2/=±^aj, and (ii) becomes aj(«q:^aj)=1458. 
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12. The 1^ gall, diawn each time is ^ of the whole 18 gall. \ 

thus the water is diminished daily in the ratio of 12 to 
11 ; and, to find the quantity of water remaining at the 
end of 4 days, we have a=2, r=^, n=5 ; 

.-. Z=ar--'=2 X (H)'=1tWA gall, water, 

whioh subtracted from 18 gall, will give the brandy 
required. 

13. The no. of terms in A!% series is 5, and in f s 4 \ 
/. ax(l-16»-l-l*)=2271. 

14. (i) aj+y+2=13; (ii) ajHy^H-»»=91; (iii) ««=//». 

Squaring (i), and subtracting (ii), gives ajyH-»«+y»=39; 
.'. «yH-2^*+y2=39=y(ii;+yH-2)=18y; /. y==3. 

Prom (ii): aj«+»^=82; from (iii) 2aj2=18; 

/. aj2— 2aja+»*=64, andaj— «=±8; then by (i; aj+»=10. 

16. aj+ojy+ajy^H-ajj^', oraj(l+y)+V(l+y)> 
or«(l+y«)(l+y)=45; (i) 

aJ«+«V+«V+aV, or «*(l+y»)+ajV(l+y»), 
oraj»(l+y*)(l+y*)=766; (ii) 

squaring (i) and dividing by (ii) gives ^ "^^ " "^y^ —^ . 

i+y 

subtracting 1 from each side gives "^y^y ^ =|f ; 

A 28(l+2^)==34y(l+y+y*); 
or28(|.+y»)=34(l+l+2/); 

or 28^i+yy-66=34^i+y) +34. 



Assume — hy=«: then 

y 

28a2-34«=90; whence «=2i=-+y; /. y=2 or J. 
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16. Let fljssA's no. of yards in the 1st mioatessf s in the 5th. 
In il*s series we have r=l'l, n=5 ; 

... ,==?|[!!!z^=10aj(l-l»-l)==61051». 
r— 1 

In 5's series, reversed, we have r=f or 1*2, »=5 ; 

.% «=6aj(l-2»-l)=7-4416». 

(7-4416-6-1051)aj=:297; /. aj=:222f yds. by ^ in the 
1st minute==J5*s no. in the 5th; which xl'2* giv^ 
460f yds. by J5 in the 1st minute. 

Ex. 75. 

3. Let x-^-y and x^^y denote the nos. ; then A^s^Xj 
Oz=z»^x^—y^\ 

hence (i) »+ >/«*— y'=9 ; (ii) «— >/»*— y'=l ; 



.*, by addition «=5, by subtraction */»*— y^=s4 ; 
we have now a'— y*=16, or 25— y*=16 ; .*. y^±8. 

4. Let X denote the other no. ; then A=> T* ■ , ff= j- ; 

2 ajH-4 

hence -^=« of ^±i • - -^^?±* • 



/. a!»-17a!=-16. 

5. Let SB and 4aj denote the nos. ; then J.=2ia;, andfi'ss -r- 

x+4sx 

""5 ' 
/. 2^— 1|«=:1^, or 25aj-16aj=18. 

6. Let X and x+8 denote the nos. ; then g= o o^ f » 

2»H-o 

/. 6aj^+31aj=s36 ; whence «=1 or — 7J^. 
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7. Hie 2Qd and 3rd terms may be denoted respectively by 

either «+l and «— 1, or «— 1 and aj+l. 

aj«-l=24; .% «=±5; 

/, if the2nd=6,the 3rd=4,andthelst=l^(|-i)=:12; 
but if the 2nd=4, the 3rd=6, and the l8t=l-5-(|-i)=3. 

8. (i) a5+y+«=:13; (ii) »«+2/H««=61 ; (iii) .y=^. 

(i) squared: aj^+y'+2^H-2(ajy+y»)+2a?«=169; 
this, by substitution from (ii) and (iii), becomes 
61 H-4aJ2i + 2aj2=169 ; or aj»=18 ; 

also (i), by substitution from (iii), becomes aj+«H 

=13; 
thatifl,«H-«+--^^=13; or (ajH-»)«-13(aj+«)=a-36; 

18 
whence ajH-»=9, or asH — =9, or «*— 9a;= — 18. 

X 

Ex. 76. 

3. (i) ^^^ , according as (ir + y )* ^ 4fljy, or as »* + y * 

^ 2ajy. See (162). 

(ii) ?!±iL'^?!±i^,afl«*+y^+2ajV^«*+yHa^^ 
as 2a5y^y*+»*. 

^ ^ 1 ^aj*-aj»y + &c/ "^ aj*-««yH-ifec.' 

as — aj'y+a'^y*— »y*^— »V^ ** 2a5*y*^aj'y+aj^, 
as 2a5y^aj*+y^ 
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=4c 

«(»— 6) jr(sr— 5) x s 

g— ft (g+6)* g*+6* g— ft g+ft 1 

9. ^^^^^3; .-. ftc+GU=gJ+<fe; orar(c-(0=gJ-ftc 

10. ?Z:?^^II^,Ma»+gft»-g»ft-ft»^g»-gft»+g*ft-ft», 
g+6 g'+ft* 

as 2gft'^2g%y as ft^g, 



Ex. 77. 

4 ?=^ • ^—^ . a»+ft« _ y+c' _ gc4-c» _g4-c 
* ft c ** ft* c* ** g*— ft* ft*— c* gc— c* g— c* 

K g c . ftc J ad 

^' h^d • • ^=T' ""^ ^"y ' 

.% (i) (a+ft)(c+(0=(^+6)(c + (i)=^^^(c+d), 
(ii) (g+6) (c+(0=C^+d)(g+6) =^(£±^(a+ft), 

6. r=-i> 8^^ — =^> •• — r=^j 8^d ^ — r=&C. 

ft a 7» ^ no gg ma— nft 
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ft c ft* c* ft* c* 

^2 52 yi ^2 

= — 5— ; now mult, by c. 

ac c* "^ 

80. a e . a ft J a — e ft—/ . a^e 6 c 
. Since -=-, /. -=-, and =— r^; •• 7 — j=:?=3- 

ft / e / . e / ft—/ / a 

ft^ ftc c. inkr nc qir qo 

hence ^'""^'=^"^, ajidi^^'+g^'=i^^+g^ 
ft* c ft* c 

10. (i) Since c^— /. a-2ft+c=a-2ft+^=i5bl^. 

a a a 

(ii) Since a=— .% a-2ft+c=-^- 2ft+c=:^^:=^^ 



'-a*s-(H)=(^i)-(H) 

a*+ftc— aft— go a(a — ft) — o(a — ft) 

aftc aftc 

22 ^+^4-c _. (tt+ft + c)* _ (g-fft + c)* ^ 

a-ft+c ((a+c)H-ft}{(aH-c)-ft} (a*+2ac+c*)-ft**' 

bot2ac=2ft*; /. ^±|±.^=(^±|+^^ 

a— ft+c a*+ft*H-c* 

^^ N/aj-N/ft^ft' •' N/ft'"a-ft* 

(ii) (aj+a)(4aJ-a)=(2aj-ft)(3aj+ft); 
or 2aj*-(3a+ft)aj=ft*-a*; 
whence aj=:i(3a+ft)±i(a+3ft). 
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Secondly, 2y : 12y-4 :: 4b : 2ia^2, 

OP 1 : 6-? :: 1 : 6-J^; .-. y=4B. 

(iv) JVr«<, 27y=9aj, or y=^». 

Secondhfy y(aj~y)=9 x 2 ; hence ^ x |a;sl8. 

14. a+1 : aj+6 :: aj+5 : aj+13; 

. aj+5 aj+13 n 4. • i . 4 , . 8 

/. — ^:= — '— =-; that IS, IH =•=! + : 

«+l aj + 5 ' ' aj+1 aj+5' 

/. 2(a;+l)=«+5. 



15. If hx and 4a; denote the nos., then 
5aj— 5 



4aj-5 



=1, orl6aj-20=15aj-15. 



16. Sappose the length of the passing train to be a feet, its 

rate being x feet per second, and the rate at which 
the passenger is moving y feet per second. 

In the first case, a feet is cleared at the rate of a;+^ feet 

per second; which therefore occupies —^ seconds =2. 

aj+y 

In the second case, a feet is cleared at the rate ofx—y 

feet per second ; which therefore occnpies — ^ seconds 

X — y 

=30. 
.\ a=2(aj+y)=30(«-y); or 7»=8y. 

17. X pounds=-4's stock, y=J5's. 

(i) aj+200 : y-60 :: 4 : 1 ; whence 4y-aj=400; 

(ii) aj+100 ; y-85 :: 60 : 13; whence 60y-13aj=6400. 
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18. Suppose each leap of the hound=3a$ inches ; 

„ „ hare =2a} inches 
The hare is 2jp x 50 or 100a; inches in advance, and leaps 
6a; inches in the time the honnd leaps 9a; inches ; there- 
fore, if the hound gains x inches in 9a; inches, he gains 
lOOo; inches in 900a; inches, that is, in 300 of his leaps. 

19. (i) If A get 3a; pounds, B gets 4a;, and 6x ; 

/. 12a;=500 ; hence 3«=125 to ^ ; Ac. 

(ii) If A get ix, B gets ^.O^x-, /. |^»=600 ; 
/. 47 : 20 : : £500 : ^'s share ; &c. 

(iii) If A^s share be called 1, then J5's=f , and 0's=f 
multiplying these proportions by f , we have A 1^, 
B 11 li. 

20. 4a; gallons milk at first become 5a; gallons by diluting ; 
then5a;-3: 5a;-3+| 11 6:7; 

hence 20a;-12=18; or 20a;=30; .% 4a;=6. 

Ex. 78. 

1. Since a;y or a;^4•y^ /• «y=wi(a;^+y*), or m= J^ 

x*+y^ 

^ 4x3 

16+9* 

2. Let a denote the constant quantity ; then y=^a + ^ ; 



x 



m 



and, by the question, we have (i) 0=a+— , 
and (ii) l=a+— , to find the value of a+-^. 
Now, 1-—=-.— ; .% mz:^'-^', also a4-^=a+— -— 
=l-|=l+f=2. 
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3. Let Oibe the constant ; then ^;=a+9n^ ; 

and (i) — 2i=a-4|i», or 3a=14m-7; 
(ii) l=a— 2w, or3a=: 6w+3; 

whence m=li, and a=3^; 

_ tt ^ 3^ ^ 14 
••^""l-tn« l-li* 4-5a 



4. y=WMJ+nfl5' -HjMj' ; 

and (i) 6= w+ »+ ^ 
(ii) 22=2w+4n+ 8p 
(iii) 64=3m+9T^+27p 

/. y=3aj + 2aj24.«3=aj(aj2+2»+3). 



hence m=s3, n=s2, 2}=1 ; 



6. y=maj*+WB+a; 

and (i) 10= m+ rt+a 
(ii) 17=4m+2n+a 
(iii) 26=97n+3/i+a 



hence 9n=l, n=4, a=5 ; 



6. 2/=*^**; «=waj+«y=na'+wnaj*; 
but when aj=^, then y=:^m=^ ; /. m^% ; 
also 2=^+^%= J ; n= J X 1=^ ; 

7. 25=—^ ; and 2^=-^, or »=-?^. 

2/' 2^ y 2 

which is the case when x and a;a ->. j 



2 



8. Area=m^C.JBO. Let aj=^C, y=J?0; 

aj+y=14; aj^+^a—ioO; whence iry= 48, or il 0.^(7= 48; 
.\ area=24=iilO.J50. 
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Ex. 79. 

1. No. of perm, of 6 things taken 6 together, since w— r + 1 

=2, is 6.5.43.2=720, l^^ Ans, \ which malt, by 1, for 
27k2 J.n«. 

2. Here 7.6.5.4.3.2.1=5040. 

3. (i) Division has 8 letters, i occurring 3 times ; hence 



|8 ^ 
1.2.3 



8.7.6.5;4=6720. 



(ii) Insincere has 9 letters, t, n, and e each occurring 
twice ; hence ^^^-J|-^=9.17=45360. 

(iii) Comrrhencement has 12 letters, m and e each occurring 
thrice, and c and n each twice ; hence 

[12 



1.2.3 X 1.2.3 X 1.2 X 1.2 



=11.9.8.7.600=3326400. 



4. The expression implies 10 letters, a occurring 4 times, h 
thrice, c twice ; hence 



[10 



1.2.3.4x1.2.3x1.2 



=7.6.300=12600. 



5. »(w-l)(n-2) : w(n-l)(»-2)(n-3) :: 1 : n-3 ; 
/. n— 3=6. 

6. (i) ifai}2ma2ia has 8 letters; m and a occurring each 

thrice; hence ., ^ ^ -. .. ^ =8.7.20=1120. 

1.2.3 X 1.2.3 

(ii) Ca/ravansera has 11 letters; a occurring 4 times, 
r twice 5 hence 



111 - 

1.2.3.4 X 1.2 



11.9.7.1200=831600. 
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(iii) MissUstppi has 11 letters ; i and a each occurring 
4 times, and p twice ; hence 

1.2.3.4 X L2.3.4 x i.2'^^^^^' 
7. n : w(w— l)(n-2) :: 1 : w2-3n+2=20; whence n=6. 

8. w(n-.i)C»i-2) : (n+2)(n+l> :: 5 ; 12; 

hence 12(7i2-*37i+2)=6(w3+3n+2) ; whence n=7. 

9. Put w=3aj, and f n=2aj, 

3aj(3aj-l)(3aj-2)(3aj-3) : 2aj(2aj-l)(2aj-2)(2aj-3) 

:: 13 : 2; 

or 9(3aj-l)'(3aj-2) : 2(2aj-l)C2aj-3) :: 13 : 1 ; 
or 9(9a;«-9aj+2)=26(4aj«-8aj+3) ; whence aj=5. 

10. Put w=2aj, and ^^x, 

2aj(2aj-l)(2aj-2)=12»(a;-l)(aj-2) ; 
or 2»-l=3(aj-2) ; .♦. aj=5 ; w=10 ; 
110=9.8.7.12.600=3628800. 

Ex. 80. 

1. (i) ^4^=126 ; (ii) Here w-r=3 ; .% ^=84 

li • 1^ 

(iii) Here n— r=2; /, —=36. 

2. (i) 11-1Q»Q>8 ^330, (ii) n-r=4; sameas(i). 

11. 

(iii) w— r=l ; All combinations. 

3. (i) No. of comb, of 10 in 15,=no. of comb, of 5 in 15, 

15.14.13.12.11 



li 



=3003. 



(ii) 15 taken 12 together=15 taken 3 together; 
15,1413^455 
1.2.3 
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4, This requires to find the no. of comb, of 6 in 6, where 

w— r=l; 
/, no. of comb. =6. 

5. See (190, Ow.) : 28-1=63. 

§ 

(ii) Setting aside the particular person -4, we have to 
find the no. of comb, of 3 in 9, which is ' ' =84; 

J..Z.O 

with each of which A may now be numbered, thus 
making 84 comb, of 4 in 10, including A* 

^ ^j^ 60.59.58.57.56.55_gQQ^3QgQ^ 

(ii) Setting aside il, as in last solution, the no. of comb., 
of 5 in 59=^^ or -^ of the preceding answer. 

g M^?^^!^. Qj.^(^_3)^270; whence w= 18. 
1.^ 

q w(>t-l)(«-2) _ , f «(«-l)(w-2)(w-3)(w-4) . 
^- 1.2.3 ~^ 1.2.3.4.5 

... 3-. (w-3)(w-4) orn«-7M+12=72; whence«=12. 
1.2.3.4 ' 

. (ti+lM^-l)(n~2) _ 9n(n~l) . (n+l)(r^>2) _g. 
^^- 1.2.3.4 "" 1.2 ' ""^ 3.4 ^^' 

or n^— 71— 2=108 ; whence w=ll, 

11. Put w=6aj ; then -^s=3a;, and ^=2aj. 

3a;(3a;-l)(3a;-2)(3g;-3) _.ig . 2a?C2a;-l)(2a;-2) 
1.2.3.4 * 1.2.3 ' 

/. 3(3aj-l)(3aj-.2)=20(2aj-l); 
or 3(9aj«-9aj+2)=40aj-20; 
whence a;=2 ; /• n=6a;=12* 



102 Key. — Binomial Theorem, 

12. Each word is to contain 4 consonants and 2 Towels ; the 

no. of comb, of 4 in the 21 consonants is 5985, and tbat 
of 2 in the 5 vowels is 10 ; there are 5985 x 10 different 
sets of the six letters ; bat each set may be permuted 
J6=720 different ways ; 
/. the no. of different words= 59850 x 720. 

13. rt=in==5; hence i2:^!f|^=252. 

Also, (190, Cor.), 2«-l=2io-l=1023. 

14. (i) Holidays has 8 different letters; /• r=|n=4. 
(ii) No. of comb, of 4 in 8=5^^=70. 

li 

Universal has 9 different letters; /. r=^(w— 1)=4. 

No. of comb, of 4 in 9= -^,'--^=126. 

]4 

Hence 126-70=56. 

15. (i) r=^w=20H-2=10. (ii) Now leaving ont the par- 

ticular man, we find the no. of comb, of 9 in 19 

^ 19.18.17... .ll ^^^Q X 17 X 26 X 11=92378. 

16. The faces of A are marked 1, 2, 3,...m, and those of ^ 

1, 2, 3,...w+w. Now, there are n &ces of B having 
marks not fonnd on A, and with these the faces of A 
can make mn different throws. Also the m remaining 
faces of B can make with the m faces of A 77?(m— 1) 
permutations, or -^(m—1) combinations. Hence the 
whole no. of different throws is mn+^(m—l), 

Ex. 82. 



12. 



-l^=(l+.)-i=Ae. 



Key, — Exponential Theorem, 103 

Ex. 83. 

1. 2-«(i-i«)-«=ia-i«r'=*c. 

2. 3-8(l-|«)-3=3,v(l-|a,)-3=,Ac. 

3. a-i(l+a-»6aj)-i=4c. 4 a-a(l-a->6«a;)-2=&c. 

5. (a"*)-«=a«; hence a«(l-a^J^)-«=4c. 

6. (a*(l-a-«««)*^=4c. 

7. (a"^-3=a; hence aCl+a^6"^)"*=&c. 

9. (a«)'*=a-i; hence a-i(l-a-«aJ*)"*=&c. 
10. a^(l-a-aaj»)*=Ao. 11. a"^(l - a-aaja)"^=*c. 
12. (aaj)*(l-a-i«)"*=5&c. 

Ex. 89. 

1 . If a X 6*=c ; then x log 6 +log as=log c. 

2. log a X 6*=log c ; /• log (log a) +» log 6=log (log c). 

3. a? log 5=log 800 ; /. aj=log 800-5-log 5. 

MX 

4. If a "•=6"*""; then — log a=(7M5— a) log h ; 

.% w« log a=(mna5— ma) log 6 ; 
or n«(7ii log &— log a)^=^ma log &. 

5. GKven, x log a+^ log &=slog c, and ^=~a; : 

/. X log aH — X log 5=log c j 
or a;(m log a+n log &)=3m log e. 



104 Key.— Exponential Theorem. 

6. (a+&)V+&)*^'(a-6)*-'=(a-6)«'; 

or (a+6)*+i=('a-&)«*^(a-5)*-i=(a-i)*+i; 
/. a; +1=0. 

7. Mult, by a!»: then aj*»—ajO=3a?*+3«°; 

or aj*^— l=3ic*+3; or »**— 3a^=4; whence aj*=4, or— 1 ; 
and X nianifestlj=2, or —1. 

8. 2a; (log 5 -log 2) + (3aj- 5) log 5 

=(a;+l)(log 6-2 log 2) + (2-aj)(3 log 2-log 5) ; 
whence 3a; log 5+3a! log 2=4 log 6+5 log 2 ; 
.•, 3a;=4, or a;=l^. 

9. a;*«'=yft*; thatis, »»y=««*; /. aaj=6y, and y=-aj; 

h 

hence, by (ii), a«= {^ , or «•-»= ^|j* . 

6 

/. «= (t)""**; which mult, by ^ to obtain y, 

10. Divide by a^: then a^*— a2«=l; whence 2a^=l±^/ 5. 
.% log 2+2aj log a=log (l±>/5). 

11. a!^-fta^=—l; whence 2tt»=&±>/(6a-4); 
.-. log 2+aj log a=log (fc±>/6»-4). 

12. i(a;*+i/^) log x=% log y ; (i) 
i(aj*+2/*) log y=^ log a? ; (ii) 

•'• l^H"^' or41og2y=log2a,; /. logy=^logaj. 

From (i) : i(aj*+y*) log aj=f log aj; 
hence ^(aj* + y*^) =f ; 

/. a;^+rrs=|; whence aj^=-i±J>/ 67. 



Key. — Scales of Notation. 



lOS 



Ex. 90. 

1. 7) 1828 7) 34705 4. 7) 444 7) 4321 



7) 261. ..1 7) 4957.. .6 

7) 37.. .2 7) 708.. .1 

5.. .2 7) 101... 1 

7) 14...3 



7) 32.. .5 7) 313.. .5 
2.. .3 7) 21.. .6 

1...4 



2...0 



5. 8) 27^ 8) 7007 



8) 38.. .1 8 ) 96^ .. 4 

5...1 8 ) 122 .. .5 

8) 17.. .1 

2.. .2 



6. 4) 123 4) 10000 

4) 27.. .2 4) 2222... 1 

4^6.. .1 4) 505. ..0 

~...2 4) 123.. :2 

4) 27.. .2 

iTe.i 

"I... 2 



7. Let r denote the radix of the scale : 
5r2+6r+ 7=678; whence r= 11. 

8. 5r* + 2r2 +6=12109 ; whence r= 7. 

9. 2r2 + 8r + 8=289 x 2 ; whence r=15. 
10. 3r2+5r+6=1068; whence r=:18. 



3. 9 ) 1756 
9) 157...7 
9) 14.. .3 

r..3 



Ex. 91. 



9) 345 
9) 31...4 
2...7 



io6 



Key, — Scales of Notation, 



(r=8) 

1756 
345 

11646 
7670 
5712 

1756) 701746 (345. 
5712 

111064 
7670 



11646 
11646 



(r=9) 

1337 
274 



5461 
10584 
2675 

1337) 381011 (274. 
2675 

11241 
10584 



5461 
5461 



5. 



(r=6) 


(r=9) 


>/ 25,40,05,44=4112; 


V 47,61,03, 70 


24 


40 



=6543; 



121 



140 
121 



1221 



1505 
1221 



12222 



24444 

C iAAAA. 



135 ; 


761 
587 


1414 


6303 
5767 


1418S 


i 43670 
43670 



(r=12) 

^/32,e7,57,21=62^. 
30 



102 



2e7 
204 



104* 



e357 
^404 



10586 



e5321 
e5321 



Key.^^Scales of Notation. 1 07 

6. The greatest no. with four fignres in the soale of 6 is S555 ; 

the least is 1000. Siznilarlj in the other scales. 

7. Let r denote the digit 12 : 

(r=:13) (t^&) 

6 ) 9008955 2013124) 4151801440 (2040. 

6 ) 1667r53 ...0 4030252 

6) 333652...4 12100544 

' „^^„^ , 12100544 
6) 70774...4 

6 ) 12357 ...1 1 0) 2040 (senary)=456 (denary). 

6) 270r ...O 10, ) 118 .. .6 

6) 568 .. .3 4.. .5 

6) er...l 

6)T^...5 

4...1 

10. 6.c.M.=34 (septenary). 11. q.c.m.=123 (octenary). 

,0 6rg+4r+7 _ 2r+5 . 18r«+ 12r + 21 _ 6r+ 15 
• 9r«+5r+8 3r+7'"* 9r>+5r+8 3r+7 * 

o_^ ' 2r+5 oj ^ 
or 2+--T — i — ^=24 



9r2+5r+8 3r+7' 

/. 9r«+5r+8=6r»+29r+35; opr»-8r=9; 
whence r=9. 

13. In the senary scale ; ts^^^ V=lf 1^=2^ (senary). 

14. (i) -04} (qninaj7)=^=^^ (quinary). 



(ii) '26U (8eptenary)=^=H^=i|*J (sept.) 

15. 23^ denary=118TW qtiatenL=27i? octen. 

=le^ daoden. 

16. ^^ denary =T-rx,^T7nr ^"MU-yssTTy^-r tem.=^ unden. 



io8 * Key, — Iniere^ty AnnuitieSy &c, 

Ex. 92. 

1. 1-05* X 100=1000 ; OP 1-05*=10 ; .% x log 1-05=1 ; 
hence aj=l-f- •0211893=47-19, or about 47 years. 

2. The amoant for 20 half-years, at 2^ per cent, per half- 

year, = ditto for 20 years at 2\ per cent, per annum, 
=1-02520x50; 

.-. log 2f=20 log 1-025 +log 50. 

Now,logl-025=log41-log40= -01072387 

20 

•21447740 
log 50=1-6989700 

log Jlf= 1-9134474 
81-930=1-9134430 



Given tab. diff. 53) 4400 

83 
/. Af=£81-93083. 

• 

3. (i) By simp. int. 100-^4=25 yrs. 

(ii) By comp. int. 104/«=2 ; /. x log l-04=log 2. 
Now, log l-04=log 26 -log 25=-0173334 ; 
hence -30103-f- -017033=1 7*6, or nearly 18 years. 

4. 3f =1-06200-1.960. Now, log l-06=log 53-log 50 

=•0253059 
200 



5*0611800=log 115127 ; 
.% 115127^ 960=£119 18^?. 6cf., nearly. 

5. By(241): Jlf=il-^^=£1000x^:^^^!;::i 

^ ^ ^ E-i -04 

=i of £12486-4. 

6. By (240): F=P-5- (l+r)«=£3121-6-f-l-043=£2775-09L 



■■^•«i^"^n-T'i«w*rwr> 



Key. — Interest, Anttuities, &c. 109 

7. Eere, (242), F=-=-^=254. 

8. (i) By (242) : F=-=^=£20000. 

(ii) Present value of £20000, dne 3 years hence, 

=20000-f-l-053=80000-f-4-6305=£1727675, 
nearly. 

9. By (242): 7=-- , ''• , =^x-^=£1600. 

10. Let P pounds denote the sum borrowed. At the end of 
a year he has to pay P x 1*035. 

P pounds at \^ per cent, per qnarter for 4 quarters, comp. 

int., amounts to Px (3^) =r-Px (li)^ 
43046721 



=Px 



80* 
/^43046721 



.,£441=(i?^-l-035)P; 
or49=(^^..115)p=^; 

11. By (242) : P is equivalent to an additional rent, 

and the new fine (a), to a rent ay-f- T 1 — ^^^ j , which 
must equal the former ; 

. a;i?"+* P22» xBr P 

or 



••iem+n_X E»-l' £"•+*-! JB«-1* 



I lo Key. — Continued Fractions. 

12. Present value of A'% legacy=— /'l -i^ =f| of B'b, 

A 
/. B^=^; r=4; hence -4.'s legacy is worthY(l— ar) 

=£1440 ; and Fs is worth ^ of £14>40=£921 12<. 

Ex. 94. 

1. ^5=2+(>/5-2)=2+-^; 

then ^/^=4+ >/5-2=44 "^ 



n/5+2' 



2. >/6=2 + (>/6-2)=24 ^ 



V6+2' 

>/6+2 ^g I >/6-2 ^o 1 . 
2 "^2 ■^>/6+2' 

••• >/6=2+^ 4T 2T ^' *^- 
3. V8=2+(^/8-2)=2+-^; 



=1+^8-2^1^ 1 



n/8+2 _ 

4 '"^4 *"^n/8+2' 

••• ^8=2+n: s: IT n:- *- 



Key. — Continued Fractions. 



Ill 



4 >/ll=3+(x/ll-3)=3+ 



Vll+S' 



n/11+3 _.^ ■ >/ll-3 o. 1 

—2 — ^+— 2-=^+7ini •' 



n/11+3 



.-. v' 11=3 4 



=6+v'll-3=6+ 
1 1 



>/ll+3* 
1 1 



3+ 6+ 3+ 6+ 



> &c. 



5. V12=3+(V12-3)=3+ 



>/12+3' 



3 ^3 ^s/12+3' 

5^=6+^12-3=6+-^^; 



.-. v'12=3+ 



1 1 



2+ 6+ 2+ 6 + 



> &c. 



6. V13=3+(>/13-3)=3+ 



y'13+3' 
3 



5/13+3 , >/13-l , 

4 4 V13+1 

>/13+l . s/13-2 _, 3 

3 "^3 "^^13+1 

V13+2_, V13-l_, ■ 4 

3 "^3 "^VlS+l 

>/13+l , V13-3 ^, 1 

4 "^4 ■^'VIS+S 



^13+3^g^N^13:i3^g^ 



4 



.-. >/12=3+ 



1 >/13+3 

-L 2_ J_ J_ _L J_ 
1+ 1+ 1+ 1+ 6+ 1 + 



> &C. 



112 



Key. — Continued Fractions, 

\ 
3 



7. >/19=4+(>/19-4)=:4+ 



V19+4' 



>/19-f 4 ^o I N/19-^ :^g , ^ 
3 "^3 ■*"n/19+2 

^/19+2 . n/19^3 . 2 

5 5 >/19+3 

n/19+3 ^o >/19-3 _o , 5 

2 2 >/19+3 

n/19+3 , n/19-2 . 3 

5 "^5 ■^n/19+2 

N/19 + 2 ^g >/19-4 ^g I 

3 "^3 ■^n/19+4 



/. >/19=4 + 



2+ 1+ 3+ 1+ 2 + 



, &c. 



8. >/21=4+(v'21-4)=4+ 



12. 



^21+4' 
V21+4^, n/21-1 , 4 

5 6 ^21+1 

V2H-1 _, V21-3 , 3 

4 "^4 "^V21+3 

>/2H-3 ^2 ■. >/21-3 ^g 4 

3 ^3 ^/21+3 
n/21 + 3 , n/21-1 , 5 

4 "^4 v'21 + 1 



,'. V21=4+ 



, &c. 



1+ 1+ 2+ 1+ 

V55=7+ — ^ — : then ^^^+^=2 + ^_- 

V55+5^g 6 j^ >/55+5 ^g _J 

5 V55+5' 6 ^^55 + 7' 

1 ^v'55 + 7' 



• • 



n/55=7 + 



] 



2+ 2+ 2+ 14+ 2 + 



, &c. 



Key, — Contintied Fractions. 113 

Ex. 95. 

1. Quotients for -^ are 4, 7, 9 ; 

/, its convergents are ^, i, ^-^^i?, J/^^"^l ; 
* ^' *'4x7+r 29x9+4' 

or :J-, -j-g-, if^* 

2. Quotients for y^|^ are 4, 10, 3 ; 

/. its convei^ents are *, +, liilitP, 10x3±l 

Ori,:ii,.TVT; 

adding 2 to each gives f , f f , ^. 

3. Quotients for |H are 2, 3, 4, 5, 6 ; 
•\ its convergents are ^, i, f , ^, &c. 

4. Quotients for ^ are 4, 1, 1, 1, 2, 3, 1, 3 ; 
/. its convergents are ^, J, ^, f , ^, &c. ; 
adding 1 to each gives 4-, f ,. f , V> Itj &c* 



7. >/10=3+>/10-3=3+ "^ 



VlO+3' 



>^10+3 . >^10--3 . _1_ . 
1 ^^ 1 ^ ^VlO+3' 

thus the quotients for — ^ are 6, 6, 6, 6, Ac. ; 

V 10+0 

.'. its convergents are ^, ^, ^, ^^, &c. ; 

adding 3 to ^ gives ^y. 



114 Key,-- Continued Fractions, 

5 



8. ^/14=3+ >/ 14-3=3+ 



n/14+3' 



^^li±3:=l+>/I4^^i+ 



2 



6 '6 ' ^/14+2' 



f 



>/1442 _o N/14-2 _g 

2 "^ 2 ■ n/14+2' 

n/14+2 ^.. n/14-3 ^., 1 

5 5 ■*">/14+3' 

v/14 + 3 _^ , ^/l4-3 ^ . 5 
thus the qnotients for 



>/14+3 

are 1, 2, 1, 6, 1, 2, 1, 6, &c. ; 
/. its convergehts are f , |, |, |, |^, |f , ||, Ac. ; 
adding 3 to ff gives 3^*. 

6 



9. >/16=3 + >/15-3=3 + 



n/15+3' 



~1 ^^ 1 "^^7l5+3' 

thus the quotients for -r— — 5 are 1, 6, 1, 6, 1, 6 ; 

V l^ + o 

.-. its convergentB are \, |, f i H. M ; 
10. ^/17=4+^/17-4=4+-^^i-^; 
s/17+4 o , N/17-4 _t, , 1 

thus the quotients for ■ ^ — - are 8, 8, 8 ; 

/• its convergents are t> ii A 5 
adding 4 to -^ gives ^^. 



. Key. — Continued Fractions. 115 

11. ^18=4-h>/18-4=4+— I— r; &c. 

vl8+4 

2 

The qnotients for —7-- — 7 will be found to be 

4, 8, 4y 8, &c. ; 
.•. its eonvergents are f , i, ^V* tV^ ; 
adding 4 to ^ gives ^^. 

12. n/20=4+>/20-4=4+ ^ 



V20+4' 

4 
the quotients for -7-— — 7 will be found to be 

2, 8, 2, 8, &c. 
.*. its eonvergents are f , i, A> tJ 5 
adding 4 to ^ gives ^^] 

Ex. 96. 

1. The quotients for iWiAnnr are 7, 15, 1, 84, &c. 

.-. its eonvergents are f , |, T^ff. tA> MM» <^c- ; 
heuce, adding 3, we have %^^ fjf , fff . 

' The approximation ^ involves an error oi excess < - — z-^^ 

< *0014, and therefore may be depended on as far as 
two places of decimals, f ff involves an error of defect 

<^^-7n — =Tr:r< '000084, and therefore may be depended 
105x113 

on to four places. 

ffl involves an error of excess <zpr^ — qT^ < '00000092, 

and therefore, although it really =3 '141 5929, &c., which 
is correct to six places, it is not to be relied on beyond 
fwe places. 

I 2 



1 16 Key. — Continued Fractions^ 



2. The quotients for {{{ are 2, 3, 3, 1 ; 

/• its conTergentB are f , \y 4, ^^ &c. 

^' IHHt^^^W^- "^e quotients for the fractional part 

are 4, 1,1,1, 4, 1, 1; 
/. its convergentB are f, i, i, |, f^, 1|, ^; 

adding 1 to |^ gives f{. 

4. |ul=l^&- ^® quotients for ^^ are 5, 2, 1, 1, he, ; 

•\ its convergents are f , ^, <A^ <^, kc, ; 

adding 1 to ^ gives W, 

5. The quotients for the fractional part 

are 3, 5, 7, 9, 11, &c. ; 
/. its convergents are f , i, ^, ^, -^^^ Ac. 

Here -^ involves an error of defect < — — — p^ < • 0005 ; 

bat -^TE involves an error of excess < ^-z-^ — tt^ft* ^okSkt 

115 X 1051 

is, < '000008, which is within '0001 ; hence the value 

required is 1^=13130. 

6. The diagonal of a square : the side : : >/2 : 1 ; 

„ cube : the edge:; >/3 : 1. 



(ij V2=H.^/2-l=l+-J^; 



f 



■~i ^+"1 ^■"72?i ' 

••• ^2=1+2^ 2T 2V' *"• 

The quotients for the fractional part 

are 2, 2, 2, 2, 2, 2, 2, &c.; 
/. its convergents are ^, i, |, -^j i J, fj, t^^^, &c. ; 

adding 1 to f^ gives ^. 



Key. — Continued Fractions. 



117 



(ii) v'3=il+V3-l=l+ 



V3+1' 



>/3+l_, . V3-l_, . 1 . 
~2 ^■^""2 "^ V3+1 ' 

1 ^1 v'3+1' 



.% ^3=1+ 



-, &c. 



1+ 2+ 1+ 2+ 

Thns the qnotients for the fractional part 

are 1,2,1, 2, 1, 2, 1, 2, &c.; 
>. its convergents are f, |, f, J, ^, |i, fj, f^, |if ; 

adding 1 to JJ gives J^. 

1 



Hence in (i) tlie limit of the error < 
=•000085; 

hence in (ii) the limit of the error < 
=•00012. 



70 X 169 



56 X 153 



7. The quotients for ySfJiv *^© 1^> *> 1> 8, 11, &c.; 
/. its convergents are ^, yVi ^Tf tVj ^> &c. j 

adding 1 gives If , ff, Ii, &c. 



8. (0 .=vj.^=i^=^a_,^^. 



The quotients for 



4 



V21+3 



will be found to be 



.% its convergents are f , i, i, -/y, f J, i|=-527 ; 
hence a;=l*52. 



1 1 8 Key, — Continued Fractions, 

(ii) aj=-=^ — , Taking first the upper sign, we have 



=l+^Q3^1=l + 



6 >/i3+r 

The quotients for ---- — - will be found to be 

2, 3, 3, 3, &c. ; 
/. its convergents are \, \, f , ^, f|=-434 ; 
hence aj=l'43. 

Taking now the lower sign : §Z1^— ? 

6 V13+5' 

the quotients for which will be found to be 

4, 3, 3, 3, 8, Ac. ; 
/. its convergents are \, J, ^, Jf^ ^, Jo|-.232 ; 

hence aj='23. 



9. (i) aj-|7= L = ^+(^"P) , 

g+_i_ 2r-hl+5(aj-_p) 

For a?— jp write t? : 

or ^'+grrt;=r ; or i;*+r^=- • 

whence v=aj—|7=^ | — f + ^ /rlr +-) I ; 



Key, — Continued Fractions. 1 1 9 

(ii) Let a; = p4--: theiiv=7H 1 &c. 

If for y— g we write 0, we shall find 






whence aj = pH — =«+&c. 

y 



10. (i) Wehavea}=>/(3-faj), oraj2— aj=3; 

whence .= ^^^l^l=2+^^1^3=2 + — ?_. 

2 ^ ^ ^n/13+3 

2 

The quotients for —pr^ — ?. will be found to be 

3, 3, 3y 3y &c. ; 
.-. its Qonvergents are f , ^, -^j |f , ^='302 ; 
hence »=2-302. 

(ii) Since x must be less than 1, and negative, let 
1 

y 

then -7=- ; *• 2*' =3 ; and the value of y is be- 
3T ^ 

tween 1 and 2. 
Put 2/=l+i; then 2x2^=3; .% (|)*=2. 
The value of z is between 1 and 2* 



k • 



9 



1 20 Key. — Continued Fractions, 

Pat.=l+i;then|(|)-=2; .'.%'=%■ 
The yaliie oiv) is between 1 and 2. 

Pat«=l+i;then|(|)'=|;,. (|)'=|. 
The valae of <; is between 2 and 3. 

The valne of i^ is between 2 and 8. 
Thns,=l+i-i^2-L_L,&e.; 

(iii) Here 9? is less than 1, and positive. 

1 /3\^ 
Pat fl;=- ; A ( ^ ] =2 ; y is between 1 and 2. 

Put,=l+i..«.en|(|y=2;...(|)=f; 
2; is between 1 and 2. 

Pat.=H.i;then|(|)==f;...(|)"=|.. 
ti; is between 2 and 3. 

i; is between 2 and 3. 

^« ' 59049 V243/ " 



U24288^ ~"^' 



80 that u is between 1 and 2. 



Thus y=l+=^ s^ s^ i^, Ac-; 
* 1+ 2+ 2+ 1 + 
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Ex. 97. 

6. Aasnme g=^y+^y^+ Cy* + &c. 

+JBaj» + 2Paj»+ 35aj* +4Baj«+ &c. 
+ Oaj3 + 30aj*+6(7a;*+&c. 



Hence il=l; J?+^=0, /. 5=-l; (7+2JB+il=:0, 
.-. 0=1; D+30+3J?+^=0, .% I>=-1; 
JS+4Z)+60+4B+^=rO, /. ^=1; &c. 

6. Assume as in the preceding : 

/. aj=-4aj-2^*+3i!!«8- 4!l«*+ 5^aj*-Ac. 

+ 5»*-4Baj«+10J5aj*-205aj»+&c. 

+ Ca?'— 6Caj*+21(7aj*— &c. 

+ Da;*- 81>aj«+&c. 



Hence -4=1; 5-2^=0, /. B=2; 0—45+3-4=0, 
/. 0=5; Ac. 



Ex. 98. 

1. Here a=3, n=15, A,=4, A,=3, A,=l, ^^=0; 

A 3+14x4+?|^x3+i^^^xl=696. 

2. a=343, »=11, Ai=-6, Aa=-5, ^3=^; 
/. 343 - 10 X 6-45 x 5=58. 

8. a=286, »=7, Aj=-81, ^2=17, A8=-2, A4=0; 
.-. 286-6x81+15x17-20x2=15. 

4. a=110, Ai=:— 20, A2=2, ^3=0; 

hence the 11th term=110-10 x 20+45 x 2=0 ; 
and the 12th „ =110-11x20+55x2=0. 
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5. a=-10, w=14, Ai=l, Aa=:l, A,=0; 
/. -10+13+78=81. 

6. a=45, »=10, Ai=-30, Aj=ll, A,= -3, A4=0; 
.% 45-9x30+36xll-84x3=-81. 

7. a=68, w=8, A,=:7, Aa=-4, A,=0; 
/. 68+7x7-21x4=33. 

8. a=36, n=12, Ai=:-33, Aa=40, A8=0; 
/. 35-11x33+55x40=1872. 

9. Here a=4, Ai=2, A2=3, A,=0 ; •% the wth term 

=4+(«-l) x2+(*^-\)("-2)x3=^'-^+^Q 

1.2 2 

=226; 
whence n=13. 

10. Here a=20, Ai=26, A22=-2, A3=0 ; the wth term 

=20+(n-l)x26-(»-l)(n-2)=-n2+29»-8 
=200; 
or n2-29n=-208 ; whence n=16 or 13. 

11. Here a=168, Ai=-31, Aj=3, A3=0; /. the nth term 

=:168-(w-l)x31 + (n2-3n+2)x| 

=-]^(3n^— 71n+404), which when =—1 makes n=14, 

and when =32 makes n=17. 

12. a=3, w=10, Ai=2, Aa=3, A,=l, A4=0; 
.....=10(3+|x2+||x3+|gxl) 

=10(3+9+36+21). 
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13. a=43, n=12, A,=:-16, Aa=3, A3=0; 

/. *=12(43-y xl6+^:^x3)=12(43-88+55). 

14. Here a=l, Ai=3, Aj=2, A3=0 ; 
,,.^.jlH,!^x3+ ("-^y-^) x2} 

=^(6+9n-9+2w>- 6w+4)=^(2w2+3n+l) 
o o 

=^{(2»H«) + (2.ii+l)}=A^(7i+l)(2w+l). 
Hence the sum of 16 termfi== V x 17 x 33=1496. 

15. Here o=l, Ai=7, A,=12, A3=6, A4=0 ; 

=_|^(24+84»-84+48na-144»+96+6«»-36na+66w-36) 
2.0.4 

=2|^(6«3+12nH6n)=^(na+2n+l)={|(n+l)['. 

16. Here a=l, Ai=5, A2=4, A3=0 ; 

u , w—l K , (n— l)(n— 2) A 



n 



=^*(4««+3n-l)=^{(4»2-w) + (4?i-l)} 


=^(n+l)(4n-l). 

17. Herea=24, Ai=42, A,=18, A3=0; 
... ,^^[24+^x42 + ^"--^H^^ 

=w(3?i« + 12w + 9) =3n(7i3 + 4?i + 3) 
=3»{(ii«+ri) + 3(n4-l)}=3/i(n+l)(w+3), 
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18. Hera 0=1, A,=sl6, Aj=50, A,=60, ti.i=SA, A,=0; 

j^ «< -10»» + 35w »-50»+24 ^ „ . 1 
+ 2:3A5 ""^J 

„-5^(24fft* + 60»» + 40n* - 4) =^(6n* + 15n» + 10«« — 1) 
«^{(6nH6n») + (9n»+9n«) + (n«-l)} 

Now 6n«+97i«+n-l=:(6n» + 3w«) + (6»«+3») - (2»+l) 
=8»«(2»i+l)+3n(2n+l)-(2n+l) 
■B(2iH-l)(3n«+3n-l); 

/. •«^(»+l)(2«+l)(3»«+3n-l). 

Ex. 99. 

1. If (2, the amount at 4 p.c, were given, we shonld liave 
the complete series of 6 terms, having 5 orders of 
differences; hence we may put ^5=0, 

that is, -(a-66+10c-10(i+5e-/)=:0; 

.•. (i=TV(a-56+10c+5e-/) ; 

10'240676 
112-847900 53766655 
62'118775 18031157 



tV of (185-207351 -66-787812) =11-841954. 

[^ofe.— This Answer is the correct amonnt of £8 for 
10 years at 4 p.c] 
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2. If the valne at 4^ were given, we shonld have a series of 

5 terms, having, therefore, 4 orders of differences ; 

/. A4=a— 46+6c— 4d+e=:0; 

whence £?=i(a— 46 + 6c+e); 

=J of (14-868+87-12+14-184-68-:768)=14-351. 

\J^ote, — This Answer is the correct value of an annnity 
of £4 for 4 years at 4^ p.c.} 

3. A4=0=a--46+6c-4d+e; /• c=^{4(6+(i)-(a+e)} 

= J of 15-8129026=2-6354837. 

4. A5=0=:-(a-56+10c-10(f+5e-/); 

.•.tf=y72=TV(a-5^+106+5e-/)=l-23521. 

We have thns the series of 6 terms completed, and find 
Ai =-00214, Aa=- -00008, Ajs-OOOOl, ^4=0. 

Now as the common difference of 63, ^^^ &c., is 3, and 77 
exceeds 75 by f of 3, the 5th root of 77 is the (5§)th 
term, or n=5f ; hence 

y77=r22902+4fxAi+^^^^xA2+^i^l|i^xA3 
=1-22902 + -00999 - -00068 + -00007=1-2384. 

5. Here 4^ is half an interval greater than 4, and therefore 

we are to interpolate the (4^)th term of the given 
series. We have a = 329*653, w=4^, Aj= -4-778, 
A2=-093, A,= --004, A4=-002. Hence the required 
value 

=329-653+3ixAi+?i^xAj+^i^^|^^xA3 

=329-653-16-723+ •407--008=313-329. 

\l^oU, — This Answer is the present value of i5355 due 
3 years hence at 4^ p.c] 
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Thorpe's QnantitatiTe Chemical Analysis, small 8to i». fid. 

Thorpe and Moires QoalitatiTe Chemical Analysis. sroaH 8ro. St. fid. 

TOden's Theoretical and Bystematie Chemistry, small 8to. St. fid. 

Natural FhSoeophy and Nainnd Seiemce. 

Blozam's Metals, their Pro p e rti es and Treatment. amaB 8ro. St. fid. 

Day's Nnmoical Examples in He«t. crown 8to. ... ... It. fid. 

— Electrical ft Magnetic Measurement, Ifimo. 2»- 6d. 

Downing's Practical Hydranlics, Part I. 8to». 5t. fid. 

Ganof s Physios, translate by Prof. B. AtUnaon. crown Sro. ISt. 

— Natmal Philosophy, translated by the same, crown Svo. 7t. fid. 

Hebnholts' Popular Leetnies on Seientille Bnhiiecta. 8to .Ut. fid. 

Irring's Short Manual of Heat, small 8to. ... .~... £t.fid. 

JenkJn's Electricity ft Magnetism, small Sro. St. fid. 

Mazcef s O mt fer sa tfons on Natural Phikeophy.fop^STO 7t. fid. 

Maxwell's Theory of Heat, small 8to. St. fid. 

Minchin's Treatiae on Statics, crown 8ro. ^ ~ ....lOt.fid. 

Tate's Light ft Heat, for the use of Beginners, ISmo 9d. 

— Hydrostatics, Hydranlica ft Pneumatics, Iflmo M. 

— Electricity, explained for the use of Beginners, ISmo 9d. 

— Magnetism. Voltaic Electric i ty ftEleclro-DynamioB. 18mo M. 

TyndaQ's Lesson in Electricity, with 58 Woodsuts, crown 8to ...... £t.-fid. 

— Kotes of Lectnres on Electricity. U. sewed. It. fid. doth. . 

— Notes <a Lectnres on Light, It. sewed* It. fid. doth. 

WetnhoId'B Introduction to Experimental Physios. 8to. Sit. fid. 

Text'JSooks of Science, Mechanical and Physicalf adapted for 
the u$e of ArtisanSy and of Students in Pablic and 
Sdence Schools. 

Anderson's Strength of Maiterials, small 8to St. fid. 

Armstrong's Organic Chemistry St. fid. 

Barry's Bailway Appliances St. fid. 

Bknam's Metsls St. fid. 

Geode?e's Elements of Mechanism St. fid. 

— Prindples of Meohanica St. fid. 

Gon's Artof Electro-Metallargy fit. 

GMffln's Algebra and Trigonometry St. fid. 

JenUn's Electricity and Magnetism St. fid. 
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Maxwell's Theory of Heat ~.... it. M. 

Herrlfleld's Technical Arithmetio and Menanration St. 6d. 

MUler'B Inorganic Ohemistry 8«. 6d. 

Preece ft Sivewriffht'B Telegraphy St.fid, 

BheUey'B Workshop Appliances ^ St. 6d. 

Thome's Stmctnral and Physiological Botany fit. 

Thorpe's QoantitatiTC Ghemicad Analysis it. 6d. 

Thorpe ft Mnir's QnalitatiTe Analysis St. (kf. 

Tilden's Chemical Philosophy St. 64, 

Unwin's Elements of Machine Design St. 6(2. 

Watson's Plane and Solid Geometry St. 6d. 

*** Other Text-Books in active preparation. 

Mechanics and Mechanium, 

Barry's Railway Appliances, small 8yo. Woodcnts St. 6d. 

Gk>odeTe's Elements of Mechanism, small 8vo St. 6d. 

— Principles of Mechanics, small 8yo «....«. St. 6d. 

Hanghton's Animal Mechanics, 8to Sit. 

Magnus's Lessons in Elementary Mechanics, small Svo St. M. 

Shelley's Workshop Appliances, small 8-70. Woodcnts St. M., 

Tate's Exercises on Mechanics and Natnral Philosophy, 12mo St. Key St. M. 

— Mechanics and the Steam-Engine, for Beginners, 18mo 9d. 

— Elements of Mechanism, with many Diagrams, ISmo St. M» 

Twisden's Introduction to Practical Mechanics, crown 8vo..^ lOt. M. 

— First Lessons in Theoretical Mechanics, crown 8yo. 8t. Bd. 

Willis's Principles of Mechanism. 8yo 18«. 

Engineering, Architecture^ &c. 

Anderson on the Strength of Materials and Structures, small Svo St. 6d. 

Bourne's Treatise on the Steam-Engine, 4to 42t. 

— Catechism of the Steam-Engine. fcp. 8to 6t. 

— Beoent Improvements in the Steam-Engine, fcp. 8vo St. 

— Handbookof the Steam-Engine. fcp. 8vo 9t. 

Downing's Elements of Practical Construction, Pabt 1. 8vo. Plates 14t. 

Fairbaim's Useful Information for Engineers. 8 vols, crown 8v0i Sit. 6d. 

Gwilt's Enoyolopflsdia of Architecture, Svo 52t. 6d. 

Main and Brown's Marine Steam-Engine, Svo ISt. 6d. 

— — Indicator ft Dynamometer, Svo 4t.6d. 

— — QnestionB on the Steam-Engine, Svo 5t. 6d. 

Mitchell's St^ping-Stone to Architecture. ISmo. Woodcuts It. 

— Rudimentary Manual of Architecture, crown Svo lOt. 6d. 

Moseley's Mechanical Principles of Engineering and Architecture, Svo.. ..Sit. 

Popular Astronomy and Navigation, 

Brinkley's Astronomy, by Stubbs ft Brnnnow. crown Svo 6t. 

Even's Navigation ft Great Circle Sailing, ISmo It. 

Herschel's Outlines of Astronomy, Twelfth Edition, square crown Svo 12t. 

Jeans's Handbook for the Stars, royal Svo it. 6d. 

— Navigation and Nautical Astronomy. Pabt I. Praetiealt ISmo 6t. 

— — — Pabt n.Z^torttieaZ. royal Svo. 7t.6d. 

Laughton's Nautical Surveying, small Svo 6t. 

Merrifield's Magnetism ft Deviation of the Compass, ISmo It. 6d. 

PxoQtor^s Lessons in Elementary Astronomy, fcp. Svo It. 6d. 

— Library Star Atlas, folio S6t. 

— New Star Atlas for Schools, crown Svo 5t. 

-> Handbook for the Stars, square fcp. Svo , fit. 

The Stepplng-Btone to Astronomy, ISmo it. 

Tate's Astronomy and the use of the Globes, for Beginners. ISmo 9d. 

Webb's Celestial Objects for Common Telescopes, l6mo 7t. 6d. 
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Animal Physiclogy and ^regenation of HeaUh. 



Bwg't TMnoition of the Feelings, crown 8to.:i ^ 2f.6d. 

— FhjsiologT and the IawboT Health, lltfa nioimnd, fep. 870. U. 6d. 

— Diagrams for Class Teaching per pair fit. 6d. 

Bnekton's Health in the Hoaee» small 8to. » 2f . 

HartleT'e Air and its Relations to Life, smaQSro. 6«. 

HoDse I litre In ; Stnictore and yonctioms of tiw Human Bodj, Iftno. — 2«. 6d. 

Hapotber's Animal Fhrsiolosy, ISkno. ^ 1«. 

lit arahall's OatKnea of Physiology, Hnman and Companiti?B, > ▼ols. or. 8to. S2t. 

General EnawUtfye, 

Thn Bfe0pfping>-8tone to Knonvledgei, 18mo. .^ .^ .~ .~ ». ... .^ .^ • ... .» ~> ••• I'* 

Seoond Series of the Stepptng<-Stone to Genersl Knowledge, Umo 1«. 

Stenie's Qoestions on GenerahtiaB. Two Series, each St. Kecrs each it. 

C^inmology and Htdoricai Genealogy, 

Gates and Woodward's Chronological and Historical KncyelinMBdia, 8to. ...4St. 

Orook's Brents of Bn^and in Bhyme, sqaare Ifimo. It. 

Slater's amUnMm Ckfmol^giem, theOriginal Work. ISmo It. gd. 

— — — impro?ed by Miss Sewell, 12mo. « ... ... St. 6<l. 

Mytholofi^ ajud Aniigtdties, 

Beeksr's Oollst, Boman Scenes of the Time of Aogostaa, post Svo. .. 7t. 6<S. 

— Clorjelst. miistrating the Piirate liife of the Ancient Greeks ... 7t. 6d. 
Oar's Mannal of Mythology, in Qoestion and Answer, fep. 8vo„ St. 

— Mythology of the Aryan Hations, 1 toIs. Svo. . ........SSt. 

1 ~~ Tales of Ancient Greece, crown 8to. fit. 

Bwald's AntiqoitieB of Israel* translated by SoOy. 8vo. 12t. 6d. 

Qoldziher'B Mythology among the Hebrews, translated by Martinean, 8to. 16t. 

Host's Kew Pantheon, ISmo. with 17 Plates St. 6d. 

Bioh's lUnstrated Dictionazy of Boman and Greek Antiqidties, post 8vo.... 7t. 6d. 

Btoffraphy. 

Qates's Dietionazy of General Biography. Svo. S5t. 

Macanlay's Clive, annotated by H. C. Bowen, MA. fep. 870 St. 6d. 

>f annder's Biographical Treasury, re-wrltten by W. L. B. Cates, fep. 8vo. 6t. 

Pattison's Isaac Casanbon, 1559-I6U. 8vo 18t. 

rhe Stepping-Stone to Biography, ISmo. — It. 

Epochs of Modem History • 

Church's Beginning of the Middle Ages, fep. Svo. Maps St. 6d. 

Oordery's French Rerolntion to the Battle of Waterloo Jfearl^ read^. 

VaXXS v^xuSauOS. ICp. OTO. AAPS ........................ .M.M.MM.M.ra.M.. .......... ...... .mm. St. Od. 

Oreighton's Age of EUsabeUi, fop. 8vo. Maps St.6d 

(Sairdner's Houses of Lancaster ft York. fop. Svo. Maps... St. 6d 

Gardiner's Thirty Years' War, 161S-I6I8, fep. 8ro. Maps St. 6d. 

— First Two Stuarts and the Pnritan Bevohition, fep. &ro. Maps St. 6d. 

Hale's Fall of the Stoarts, fep. 8vo. Maps St. 8J. 

Johnson's Normans in Bnrope, fep. 8ro. Maps.... St.6d. 

— Lawrence's Rarly Hanoverians Jw thepre$$. 

— Longman's Frederick the Great and the 7 Years' War In the preu. 

liudlow'sWsrof American Independence, fep. 8to. Maps St.6d. 

Morris's Age of Anne, fep. 8vo. Maps St. 6d. 

Seebohm's Protestant Revelation, fep. 870. Maps St.6d. 

Stabbs's Early Plantagents, fep. 8vo. Maps St. 6d. 

— Empire under che House of Hohenstanfer Jit preparation, 

Warbnrton's Edward the Third, fep. 870. Maps St.6d. 
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Epochs of English History, 

Browninfir'B Modem Ensrland, from 1820 to 1876 Inthspreu. 

Cordery's BtratrGrle against Absolute Monarchy , 1608-1688, fop. Maps 9d, 

Oreighton's England a Continental Power, 1066-1216, fcp. Maps 9d. 

— Tndors and the Beformation, 1485-160S, fop. 8vo. Maps 9d, 

Powell's Barly Bngland up to the Norman Conquest, fcp. 8yo. Maps 1«. 

Bowley's Rise of the People and Growth of Parliament, 1216-1486, fcp. Maps. 9d. 

— Settlement of the Constitntion, 1688-1778, fop. Maps 9d. 

Tancock's England during the Bevolutlonary Wars, 1778-1820 In thepreu. 

British History, 

Armitage's Childhood of the English Nation, fcp. Svo I«. 6d. 

Bartle's Synopsis of Bnglish History, fcp. 8vo „. 8«. M. 

Cantlay's Bnglish History Analysed, fop. 8vo U. 

Catechism of English History, edited by Miss Sewell, 18mo It, (id. 

Oleig'a School History of England, abridged, ISmo 6«. 

— First Book of History— England. 18mo. 2«. or 2 Parts each 9d. 

— British Colonies, or Second Book of History. 18mo It. 

— British India, or Third Book of History, 18mo 9d, 

— Historical Questions on the above Three Histories, 18mo 9d, 

Littlewood's Essentials of English History, fop. 8to 8«. 

Lopton's Examination-Papers in History, crown 8to Is. 

— English History, revised, crown 8vo 7«. 6d. 

Morris's Class-Book History of England, fcp. 8vo St. 6d. 

Outlines of the History of England, 18mo It. 

The Stepping-stone to Bnglish History, 18mo It. 

The Stepping-Stone to Irish History, 18mo. It. 

Tomer's Analysis of English and French History, fcp. 8vo St. 6d. 

Epochs of Ancient History, 

Beesly's Graochi, Marius and Sulla, fcp. 8vo. Maps £t. 6d. 

Oapes's Ai^e of the Antonines, fcp. 8vo. Maps 2t. 6d. 

— Early Boman Empire, fop. 8vo. Maps 2t. 6d. 

Cox's Athenian Empire, fop. 8vo. Maps 2t. 6d. 

** ViaOGJub S JToirSlftllOf ICp* ovO* iiLftpB '•••«••••••«•••«•■••••••«••••••••■•»••••••••••••••«•••• £•■ OCV* 

Corteis's Bise of the Macedonian Empire, fcp. 8vo. Maps 2t. 6d. 

Dme's Bome to its Capture by the Gkrals, fcp. 8vo.Map8 2t. 6d. 

Merivale's Boman Triumvirates, fcp. 8vo. Maps 2t. 6d. 

Sankey's Spartan and Theban Supremacies, fcp. 8vo. Maps 2t. 6d. 

Smith's Bomeand Carthage, the Punic Wars In the prut. 

History J Ancient and Modem. 

Bxowne's B4stoz7 of Greece, for Beginners, 18mo 9d. 

— History of Bome, for Beginners, 18mo 9d, 

Ooz's History of Greece. Vols. I. & II. 8vo 86t. 

— General History of Greece, crown 8vo. Maps 7t.6d[. 

— School History of Greece, fcp. 8vo. Maps St. 6d. 

Gleig's History of France, 18mo It. 

Ihne's Boman History, Vols. I. to III. 8vo 45t. 

MangnaU's Historical and Miscellaneous Questions, 12mo i», 64. 

Maunder's Historiosl Treasury, with Index, fcp. 8vo 6t. 

Merivale's History of the Bomans under the Empire, 8 vols, post 8vo 48t. 

— Fall of the Boman Bepublic, 12mo 7t. 6<l. 

— General History of Bome, crown 8vo. Maps 7t. 6d. 

Poller's School History of Rome, abridged from Merivale, fcp. Maps. In theprnt. 
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Bawlizuon'B Sixth Oriental Monarchy (the Parthians), Sro. Maps fto 16t. 

— Serenth Oriental Monarchy (the Sassaniane) 8vo. Mapa &c. ...28*. 
S«well'0 Ancient Hiatory of Egypt, Aasyria, and Babylonia, fcp. 8vo 6c. 

— OatechiBm of Grecian History, 18mo ^ U. M 

— Child's First History of Borne, fcp. 8vo St. W. 

— First History of Greece, fcp. 8vo Sc M, 

— Popular History of France, crown Svo.Maps ^^.^. 7f. 6d. 

The Stepping-Btone to Grecian History, 18mo U, 

The Btepping-Btone to Roman History, 18mo It, 

Taylor's Student's Manual of Ancient History, crown 8to 7«. 6d. 

— Student's Manual of Modem History, crown 8vo It. 6d. 

— Student's Manual of the History of India, crown 8yo 7«. 6<l. 

Tumer'sAnalysisoftheHistoryof Greece, fcp. Bto 8«.6d. 

— Analysis of Boman History, fcp. 8vo it, (kl. 

Scripture History, Moral and Mdigious Works, 

Ayre's Treasury of Bible Knowledge, fcp. 8vo 6«. 

Boultbee's Oommentary on the Thirty-Nine Articles, crown Svo 6«. 

Browne's Exposition of the Thirty-Nine Articles, Svo lOt. 

Examination Questions on the above, fcp. 8vo c 8c. 6(1. 

Oonybeare and Howaon's Life and Epistles of St. Paul. 1 vol. crown 8to. ... 9t. 

Girdlestone's Synonyms of the Old Testament, Svo ISt. 

Oleig's Sacred History, or Fourth Book of History, 18mo. 2«. or 2 Parts, each 9d. 
KaUsoh's Oommentary on the Old Testament: with a New Translation. 

VoL I. Genesis, 8vo. 18*. or adapted for the General Reader, 12*. VoL II. 

Exodus, 15*. or adapted for the General Reader. 12«. Vol. m. 

Leviticus, Part I. Ific. or adapted for the General Reader, 8c. Vol. IV. 

Leviticus, Part II. Ific. or adapted for the General Reader, 8c. 

Norris's Catechist's Manual, 18mo Ic. Sd. 

Potta's Palsy's Evidences and Horse Paulinae, 8vo 10c. 6d. 

Pnlliblank's Teacher's Handbook of the Bible, crown 8va 8«. 6d. 

Riddle's Manual of Scripture History, fcp. Svo 4c. 

— Outlines of Scripture History, fcp. Svo 2c. 6d. 

RogenCs School andOhildren's Bible, crown Svo 2c. 

Rothschild's History and Literature of tiie Israelites, 2 vols, crown Svo 12c. 6d. 

— — — _. — Abridged, fcp. 8vo.., 8c. 6d. 

Sewell's Preparation for the Holy Conmiunion, 82mo 8c. 

The Stepping-stone to Bible Knowledge, ISmo Ic. 

Whately's Introductory Lessons on Ohristian Evidences, l8mo 6d. 

Young's New Ooncordance to the Bible, imperial Svo In the prest. 

Mental and Moral Philosophy , and Civil Law, 

Aznos's Science of Jurisprudence. Svo 18c. 

— Primer of English Gonstitution and Government, crown Svo 6c. 

Bacon's Advancement of Learning, analysed by Fleming, crown Svo 8c. 6d. 

— Essays, with Annotations by Archbishop Whately, Svo 10c. 6d. 

— — annotated by Hunter, crown Svo 8c. 6d. 

— — annotated by Abbott, 2 vols. fcp. Svo 6c. 

— — with References and Notes by Markby, fcp. Svo Ic. 6d. 

Bain's Bhetoric and English Composition, crown Svo 4c. 

— Mental and Moral Science, crown Svo 10c. 6d. 

Hume's Treatise on Human Nat^ure, by Green and Grose, 2 vols. Svo 28c. 

— Essays, by the same Editors, 2 vols. Svo 28c. 

Lewes's History of Philosophy from Thales to Comte, 2 vols. Svo 82c. 

Lewis's Influence of Authority in Matters of Opinion, Svo 14c. 

Mill's System of Logic, Ratiocinative and Inductive, 2 vols. Bvo tbt. 
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Ovnenl Lute of BehooUotAB 

bl of Greek Pro*« CompflStlcou crowa sro^ _. ..71. Bd. 
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Ksy to tho E.OTDiiM In Si^fWIo PW-urin^ Parts I. ft II. prioa 6>. 
EennBdy Bfhbfffflai^lffartoi in, the ItoMn Oomppnnd HeaUDco, lEmo. 

— CDiTiciUiiinSuli LallBl, iedh). u. M. Ker, 7i, dd. 

— P&lffiBtre Lutinu, nr Bocaiud laUo Beadlng-BoDk, rtmo 

Kbudt'b Gntu-'g OomDontiirlei, Book I. ISmo. li. Bopki II. £ III 



Mooilp'l Eton LmIq Ormnmar, [3oifp. Si.-W. Tbeiooidonco "BepBTBtely li 






MIddlfl-ClHB Latin ] 



The ^itrteh Language, 

OhuI fe KKolier'* Modem Frencli Antkoloii. Past I. at. M. Paht 
~ QndDitedFreDofaTr&nBUUoii Bcx>k. PamI. Ii.M 
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CinituiHMi'i Ulddl»^iu> FnoiA Comu, '<%Bro. 

nsDoh CoDTtraMdcm-Book, id. 
Flnt Fnnsh EurdM-Book, M. 
Ba«Hid Fieniili BisrulH-Book. Sd. 



^^noh TruulBtlcia-Baak. Bd, 
Bair ^ensn Delerjtnn, gii. 
Flnt FreDoh Ba>der, Bd. 
Beoond Fnooh RHdn, BrT 
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NafUn BlamsaM^ Otrmio ConnB for PntaUo Bohooli, fm. gig. 

n ..jj ~^ r <1 "-OM OOIBDOlil 



•n BlUMaM^ 0«Tiu 

OtnamAMldanM, Sd. , — , 

Gaman arnCu. M. Flnt Qvnnui Bwdn, Sa. 
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